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1 Introduction

Extreme value processes involving maxima are widespread in economics. There is

a large literature in which important economic outcomes such as output, productivity,

growth, or markups – either at the firm level or the aggregate level – are determined

by an extreme value process. Generally, this process involves taking the maximum of

a number of draws from a distribution (e.g. of productivities, efficiencies, ideas, or

utility shocks) and then considering the behavior of the maximum in the limit as the

number of draws becomes large. It is widely known that the limiting distribution of

the maximum (appropriately normalized) must be either Fréchet, Gumbel, or Weibull.

For example, fat-tailed distributions such as the widely-used Pareto distribution give

rise to the Fréchet extreme value distribution. Variations of this type of Pareto-Fréchet

extreme value process are used in a large class of models in macroeconomics and trade,

including Kortum (1997), Eaton and Kortum (1999), Jones (2005), Lucas (2009), Buera

and Lucas (2018), Oberfield (2018), Buera and Oberfield (2020), and Jones (2022).

In this paper, we generalize this type of extreme value process by allowing the

number of draws from the underlying distribution (e.g. of productivities, efficiencies,

ideas, or utility shocks) to be given by a discrete probability distribution called the

search technology. After incorporating this new source of randomness, we then consider

the limit as the expected number of draws from the underlying distribution becomes

large. While we interpret this randomness as arising from search frictions that lead

to dispersion in the number of draws, this dispersion could potentially result from

many other sources. Regardless of the source, we can interpret this dispersion either

as reflecting cross-sectional dispersion across a large number of firms or agents, or as

reflecting uncertainty faced by a single firm or agent regarding the number of draws.

This paper provides two main theorems that are quite general and may have broader

application beyond the problems we consider here. For both results, we restrict atten-

tion to a class of search technologies called invariant in Lester, Visschers, and Wolthoff

(2015). First, we provide a general result regarding the extreme value distribution when

the number of draws from the underlying distribution is random. Second, we provide

a general result regarding the outcomes of extreme value processes, e.g. functions of

maxima, when the number of draws is random. This second result provides a general-

ization of an analogous result in Gabaix, Laibson, Li, Li, Resnick, and de Vries (2016)

where the number of draws is deterministic. We use both of our general results to



examine the asymptotic effect of search frictions on extreme value outcomes.

We might expect that in the limit as the expected number of draws becomes large,

the effect of search frictions would disappear and that the distribution of the maximum

would eventually behave in a standard way. That is, we might expect this limit to be

“frictionless” in some sense. Surprisingly, however, we find that search frictions still

matter – even asymptotically. We show that the search technology can affect the

asymptotic behavior of the maximum, or any functions of the maximum, and it may

thereby affect important economic outcomes such as productivity or markups.

Remarkably, the extreme value distribution need not be any of the three standard

types of distributions – Fréchet, Gumbel, and Weibull. Instead, the extreme value

distribution depends not only on the underlying distribution and its tail index, but also

on the nature of the search technology. For example, if the distribution of productivities

is Pareto, the extreme value distribution is not necessarily Fréchet, and the expected

value of the maximum does not necessarily behave like the expected value of the Fréchet

distribution. Instead, the expected value of the maximum behaves asymptotically like

the expected value of the Fréchet distribution scaled by a new term capturing the

effect of search frictions. This scaling factor depends on both the tail index of the

distribution of productivities and on the search technology. Depending on the details

of the application, we find that extreme value outcomes may be either increasing or

decreasing in the asymptotic dispersion of the search technology.

We show that the extreme value distribution takes the standard form if and only

if the search technology is either Poisson or degenerate, i.e. there is zero asymptotic

dispersion. This means that there is no asymptotic effect of search frictions if and

only if the search technology is Poisson or degenerate. The Poisson distribution can

therefore be viewed as an extreme special case where the effect of search frictions

disappears asymptotically. This explains why the Poisson distribution can deliver the

standard extreme value results, a fact which partly explains why this distribution is

often used in the literature using extreme value theory in economics. For example, the

Poisson distribution is used in Kortum (1997), Jones (2005), Oberfield (2018), Boehm

and Oberfield (2020), Boehm and Oberfield (2022), and Jones (2022).

We consider three applications of our results: aggregate productivity, markups, and

large auctions. We illustrate our results for these applications by using a class of search

technologies, the negative binomial family, that delivers tractable expressions. This

class nests the Geometric distribution as a special case and the widely-used Poisson
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distribution as a limiting case. This family of search technologies may be useful for

empirical applications because it features a single parameter which governs the effect

of search frictions on extreme outcomes.

First, we consider an application of our results to the level of aggregate productiv-

ity and the cross-sectional distribution of firm productivity. In general, we find that

greater asymptotic dispersion in the number of productivity draws decreases aggregate

productivity if the tail index of the underlying distribution of productivities is positive.

If the tail index is zero, there is no asymptotic effect on aggregate productivity.

We can think of asymptotic dispersion as a kind of misallocation that reduces out-

put compared to the frictionless economy where the number of draws is not random.

We show how to quantify the productivity loss from search frictions and find that it

can be significant. For example, a change in the search technology alone from Poisson

to Geometric (keeping the expected number of firm productivity draws constant) can

decrease aggregate productivity by around 11%, while also increasing cross-sectional

productivity dispersion (as measured by the coefficient of variation) by 28%. This

suggests that search frictions are of first-order importance not only for reducing unem-

ployment (as is well-known) but potentially also for aggregate output. By abstracting

from the role of search frictions in models that use extreme value processes in both

macroeconomics and trade, we ignore these important effects of the search technology.

Second, we consider an application of our results to the asymptotic behavior of

markups in a discrete choice model with random utility shocks. In the setting we

consider, prices are determined by limit pricing (or “personalized pricing”), sometimes

referred to as Bertrand competition. We apply our generalization of the result in

Gabaix et al. (2016) which describes the asymptotic behavior of functions of the max-

imum. In general, we find that the search technology can have a significant effect on

asymptotic markups – either positively or negatively – depending on the tail index

of the underlying distibution of utility shocks. Greater asymptotic dispersion in the

number of productivity draws decreases markups if the tail index is positive, but it

increases asymptotic markups if the tail index is negative.

Third, we provide some results regarding the asymptotic behavior of bidder surplus

and seller revenue in auctions with a large number of bidders. In particular, we show

that, for any invariant search technology, the asymptotic surplus share of bidders con-

verges to a constant which is equal to the tail index of the distribution of valuations.

This extends existing results for large auctions, such as Gabaix et al. (2016), to envi-
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ronments where the number of bidders is stochastic. At the same time, it extends some

results for environments where the number of bidders is stochastic, including compet-

ing auctions models with either Poisson or invariant search technologies, such as Peters

and Severinov (1997), Albrecht, Gautier, and Vroman (2014), and Lester et al. (2015)

to large auctions where the expected number of bidders per seller becomes infinite.

2 Preliminaries

Suppose there are n ∈ N draws from a distribution of values. We assume that the

distribution of values has cdf G and it satisfies A1. We call the distribution G the

underlying distribution. Depending on the specific application, it may be a distribution

of productivities, ideas, efficiencies, valuations, or utility shocks.

Assumption A1. The distribution of values x has a twice-differentiable cdf G with

pdf g = G′ > 0, a finite mean, and support [x, x] ⊆ R where x, x ∈ R ∪ {±∞}.1

We assume the number of draws is itself a random variable that has a discrete prob-

ability distribution with pmf Pn and support N. For any n ∈ N, the probability there

are n draws is given by Pn(θ) where θ ∈ R+ is the expected number of draws. We denote

by N(θ) the random variable with distribution Pn. We assume that limθ→∞ P0(θ) = 0.

We call the distribution Pn the search technology.

Observe that there are two potential sources of randomness: the value of each

draw x, and the number n of draws. The first source of randomness is the underlying

distribution G, and the second source of randomness is the search technology Pn.

It is useful to define the probability generating function of the distribution Pn.

Definition 1. The probability generating function of Pn is given by

(1) EP(y
n) =

∞∑
n=0

Pn(θ)y
n.

We assume that the search technology Pn is invariant, as defined in Lester et al.

(2015). This means that the probability generating function can be written as a func-

tion of a single variable. This function must be equal to P0.

1By a slight abuse of notation, if x = +∞ then we intend [x, x] to mean [x,+∞) and if x = −∞
then we intend [x, x] to mean (−∞, x].

4



Assumption A2. The distribution Pn is invariant, i.e. for all y ∈ [0, 1],

(2)
∞∑
n=0

Pn(θ)y
n = P0(θ(1− y))

where EP(n) = θ and P0 : R+ → [0, 1] is continuous and infinitely differentiable.

Intuitively, invariance can be interpreted as a kind of “commutativity” assumption.

To see this, suppose there is a continuum of red and white balls in an urn and the

proportion of red balls is y ∈ [0, 1]. If we draw a random number n of balls from

the urn, where n ∼ Pn(θ) and E(n) = θ, and then split into red and white, the

probability that every ball drawn is red equals
∑

Pn(θ)y
n. Now suppose we instead

split the balls before drawing: the red balls are placed in a red urn, and the white

balls in a white urn. We select a random number nr of balls from the red urn, where

nr ∼ Pn(θy) and E(nr) = θy, and a random number nw of balls from the white urn,

where nw ∼ Pn(θ(1 − y)) and E(nw) = θ(1 − y). In this case, the probability that

every ball drawn is red equals the probability there are no balls drawn from the white

urn, P0(θ(1− y)). Invariance says that (2) holds, i.e. this probability is “invariant” to

whether we first draw and then split; or first split and then draw.

The assumption of invariance will turn out to be very useful because the function

P0 will capture everything we need to know about the search technology. For future

reference, it is convenient to summarize some properties of the function P0 here.

Lemma 1. If Pn satisfies A2, the function P0 : R+ → [0, 1] has the following proper-

ties: (i) P0(0) = 1; (ii) P′
0(0) = −1; and (iii) limθ→∞ P0(θ) = 0.

We now present a couple of useful examples of invariant search technologies.

Example 1: If Pn is a Poisson search technology, then

(3) Pn(θ) =
e−θθn

n!
.

The function P0 is

(4) P0(z) = e−z
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and the probability generating function is

(5)
∞∑
n=0

Pn(θ)y
n = e−θ(1−y).

So, the Poisson search technology satisfies A2.

Example 2: If Pn is a Geometric search technology, then

(6) Pn(θ) =
1

1 + θ

(
θ

1 + θ

)n

.

The function P0 is

(7) P0(z) =
1

1 + z

and the probability generating function is

(8)
∞∑
n=0

Pn(θ)y
n =

1

1 + θ(1− y)
.

So, the Geometric search technology satisfies A2.

We are interested in obtaining extreme value results regarding the behavior of

the distribution of the maximum in the limit as θ goes to infinity. In Section 5, we

derive the general form of the extreme value distribution for any search technology

that is invariant. In Section 6, we derive a general expression regarding the asymptotic

behavior of extreme value outcomes, i.e. functions of the maximum, for any search

technology that is invariant. Before turning to these general methodological results,

we first provide a glimpse into the general results we will obtain by adopting the

approach in Jones (2022). In Section 4, we then describe some useful properties of

invariant search technologies that will help us derive our general results.

3 Preview of results

In this section, we follow the approach in Jones (2022). We first derive a result

regarding the asymptotic behavior of the maximum and then use this result to provide

a simple heuristic derivation of the extreme value distribution for a specific example.
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This will give us a preview of the general result we obtain in Section 5. In particular, we

will see clearly how the extreme value distribution depends not only on the underlying

distribution and its tail index, but also on nature of the search technology.

First, we briefly reproduce the approach in Jones (2022) and then show how it

generalizes to our environment where the number of draws is random.

Let X1, ..., Xn be i.i.d. random variables with distribution G. Define a random

variable for the maximum, Mn ≡ max{X1, ..., Xn}. It is well-known that the cdf of

Mn for n ≥ 1 is Pr(Mn ≤ x) = G(x)n. Now define a new random variable, M̂n ≡
(1−G(Mn)). As Jones (2022) shows, this implies

(9) Pr(M̂n ≤ x) = 1−
(
1− x

n

)n
.

Taking the limit as n→ ∞ delivers the result in Jones’ Theorem 1,

(10) Pr(M̂n ≤ x) = 1− e−x.

That is, the random variable M̂n is exponentially distributed as n→ ∞.

Now suppose the underlying distribution is Pareto, i.e. G(x) = 1− x−1/γ. Because

M̂n is exponentially distributed by Jones’ Theorem 1, we have n(1−G(Mn)) = ε+op(1)

where ε is an exponentially distributed random variable with cdf 1 − e−x. Therefore,

Mn = nγ(ε + op(1))
−γ and, for n large, we have Mn ≈ nγε−γ. Defining ε̃ ≡ ε−1/γ, it

is straightforward to verify that Pr(ε̃P ≤ x) = e−x−1/γ
and we obtain the well-known

result that the extreme value distribution is Fréchet:

(11) Hγ(x) = e−x−1/γ

.

Now, we adapt Jones’ argument above to our setting. Suppose that N(θ) is a

random variable with mean θ and distribution Pn. Define a random variable for

the maximum, MN(θ) ≡ max{X1, ..., XN(θ)}. Defining the cdf of the maximum by

HP(x; θ) = Pr(MN(θ) ≤ x | N(θ) ≥ 1), we obtain

(12) HP(x; θ) =

∑∞
n=0 Pn(θ)G(x)

n − P0(θ)

1− P0(θ)
.
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Therefore, if Pn satisfies A2, we obtain:

(13) HP(x; θ) =
P0(θ(1−G(x)))− P0(θ)

1− P0(θ)
.

We can now provide a generalization of Theorem 1 and Corollary 1 in Jones (2022).

Define a new random variable, M̂N(θ) ≡ θ(1−G(MN(θ))). Analogous to (9), we have

(14) Pr(M̂N(θ) ≤ x) = 1− Pr(MN(θ) ≤ G−1 (1− x/θ)).

Using expression (13) for HP(x; θ), we obtain2

(16) Pr(M̂N(θ) ≤ x) =
1− P0(x)

1− P0(θ)
.

In the limit as θ → ∞, we have limθ→∞ P0(θ) so

(17) Pr(M̂N(θ) ≤ x) = 1− P0(x).

The random variable M̂N(θ) is no longer exponentially distributed as θ → ∞, except

in the special case where P0(x) = e−x and the search technology is Poisson. This will

turn out to be crucial because we will later see that this result is very closely related

to the form of the extreme value distribution.

We summarize this result in Lemma 2, which directly generalizes Theorem 1 in

Jones (2022) to the case where N(θ) is a discrete random variable. Note that if Pn is

degenerate, Theorem 1 in Jones (2022) follows from (18). If Pn is Poisson, Corollary 1

in Jones (2022) follows from (19) where P0(x) = e−x.

Lemma 2. Suppose that N(θ) is a random variable with mean θ and distribution

Pn. Let MN(θ) denote the maximum value from N(θ) ≥ 1 independent draws from a

distribution G that satisfies A1 and define M̂N(θ) ≡ θ(1−G(MN(θ))). For x ≥ 0,

(18) Pr(M̂N(θ) ≥ x) =

∑∞
n=1 Pn(θ)(1− x

θ
)n

1− P0(θ)

2To see this, note that Pr(M̂N(θ) ≤ x) = 1− Pr(MN(θ) ≤ G−1(1− x/θ)), which is equal to

(15) 1− P0(θ(1−G(G−1(1− x/θ))))− P0(θ)

1− P0(θ)
= 1− P0(x)− P0(θ)

1− P0(θ)
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where P0(θ) ≡ Pr(N(θ) = 0). If Pn satisfies A2, then

(19) Pr(M̂N(θ) ≥ x) =
P0(x)− P0(θ)

1− P0(θ)

and

(20) lim
θ→∞

Pr(M̂N(θ) ≥ x) = P0(x).

With these results in hand, we now turn to the task of determining the extreme

value distribution, i.e. the distribution of the (normalized) maximum in the limit as the

expected number of draws θ goes to infinity. To do this, we adopt the simple heuristic

argument used in Jones (2022). This approach works out nicely when the underlying

distribution is Pareto. In general, however, we will need our result in Section 5 to

derive an expression for the extreme value distribution.

Suppose the underlying distribution is Pareto, i.e. G(x) = 1 − x−1/γ. Similarly to

Jones’ argument above, define a new random variable by M̂N(θ) ≡ θ(1−G(MN(θ))) =

θM
−1/γ
N(θ) . Lemma 2 implies that θ(1 − G(MN(θ))) = εP + op(1) where εP is a random

variable with cdf 1 − P0(x). Therefore, we have MN(θ) = θγ(εP + op(1))
−γ and, for θ

large, MN(θ) ≈ θγε−γ
P . Defining ε̃P ≡ ε

−1/γ
P , we have Pr(ε̃P ≤ x) = P0(x

−1/γ) and thus

the extreme value distribution is given by

(21) Hγ,P(x) = P0(x
−1/γ).

The extreme value distribution Hγ,P(x) is no longer necessarily Fréchet.3 In general,

the extreme value distribution takes a form that depends on the search technology.

Example 1. If Pn is a Poisson search technology, then P0(z) = e−z and the extreme

value distribution is

(22) Hγ,P(x) = e−x−1/γ

if the distribution G is Pareto. That is, we obtain the standard Fréchet distribution.

Example 2. If Pn is a Geometric search technology, then P0(z) = 1
1+z

and the

3To see this, Pr(ε̃P ≤ x) = Pr(ε
−1/γ
P ≤ x) = 1−Pr(εP ≤ x−1/γ) = 1− (1−P0(x

−1/γ)) = P0(x
−1/γ)
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extreme value distribution is

(23) Hγ,P(x) =
1

1 + x−1/γ

if the distribution G is Pareto. Observe that this differs from any of the three standard

forms of the extreme value distribution (Fréchet, Gumbel, or Weibull).

After this preview of our results, we now turn to our general result. In Section 4,

we first describe some useful properties of invariant technologies that will be used to

prove some of our results. In Section 5, we then derive the general form of the extreme

value distribution for any invariant search technology Pn.

4 Properties of invariant search technologies

Before presenting our general results, we summarize some properties of invariant

search technologies that will prove useful. First, we describe a useful representation of

invariant search technologies. Next, we use this representation to present some results

regarding the asymptotic behavior of invariant search technologies.

4.1 A useful representation

In this section, we describe a very useful representation of the class of invariant

search technologies which is due to Cai, Gautier, and Wolthoff (2022). To obtain the

results in this section, we adapt their approach to our environment.

Lemma 3 states that if Pn is invariant, then P0 can be expressed as the Laplace

transform of some probability distribution. The idea of using Bernstein’s theorem to

obtain this representation is due to Cai et al. (2022).4

Lemma 3. If Pn satisfies A2, then the function P0 can be written as

(24) P0(θ) =

∫
e−θtdF (t)

for some distribution with cdf F and EF (x) = 1.

4In particular, Cai et al. (2022) apply Bernstein’s theorem to the function 1 − P0(θ), which they
prove is a Bernstein function.
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The mixed Poisson class of distributions Pn is defined by

(25) Pn(θ) =

∫
(θt)ne−θt

n!
dF (t)

for some mixing distribution with cdf F and EF (x) = 1. Notice that P0(θ) =
∫
e−θtdF (t),

which is exactly the representation of invariant distributions that we derived in Lemma

3 above. Any mixed Poisson distribution is invariant, i.e. it satisfies A2, since

∞∑
n=0

Pn(θ)y
n =

∞∑
n=0

yn
∫

(θt)ne−θt

n!
dF (t)

=

∫
e−θ(1−y)tdF (t)

= P0(θ(1− y)).

A corollary of Lemma 3 is that any invariant distribution has a representation as

a mixed Poisson distribution for some mixing distribution F. This result, summarized

below, is due to Cai et al. (2022). In their environment, however, F is not necessarily

a probability measure and Lemma 3 does not necessarily hold, so Pn is not necessarily

a mixed Poisson distribution.

Corollary 1. If Pn satisfies A2, then for all n ∈ N, we have

(26) Pn(θ) =

∫
(θt)ne−θt

n!
dF (t)

for some distribution with cdf F and EF (x) = 1. That is, Pn has a representation as a

mixed Poisson distribution.

Given that any mixed Poisson distribution is invariant, we conclude that Pn is

invariant if and only if Pn is a mixed Poisson distribution. This equivalence will prove

to be very useful throughout the remainder of the paper. We will often switch between

describing a search technology in terms of the function P0, and describing it in terms

of the mixing distribution F .

Example 1. If Pn is a Poisson search technology, the mixing distribution F is the

degenerate distribution with support {1}.

Example 2. If Pn is a Geometric search technology, the mixing distribution is the
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exponential distribution with support [0,∞) and cdf F (x) = 1− e−x.

4.2 Asymptotic behavior

In this paper, we are interested in what happens when θ becomes very large. Mixed

Poisson distributions are especially tractable because, roughly speaking, as θ goes to

infinity, the random variable N(θ) converges to the random Poisson parameter θX.

We state this formally in the following lemma.

Lemma 4. Suppose N(θ) is a random variable with distribution Pn that satisfies A2.

As θ goes to infinity, N(θ)/θ converges in distribution to a random variable X with

distribution F, the mixing distribution of the mixed Poisson representation of Pn.

Lemma 4 is useful because it enables us to deduce the asymptotic properties of the

random variable N(θ) directly from the properties of the mixing distribution F . For

instance, the moments of N(θ)/θ are asymptotically equal to those of F :

(27) lim
θ→∞

E
(
(N(θ)/θ) k

)
= EF

(
Xk
)
.

Equivalently, the moments of N(θ) behave asymptotically as follows:

(28) EP
(
N(θ)k

)
∼θ→∞ θkEF

(
Xk
)
.

This provides us with a way to calculate the asymptotic dispersion of Pn. As we will

see, the concept of asymptotic dispersion will turn out to be crucial for the behaviour

of extreme value outcomes in our setting.

Asymptotic dispersion

To discuss asymptotic dispersion, we first need to define a measure of dispersion.

It will later prove useful to define a class of measures of dispersion indexed by k ∈ R.
First, recalling that F has mean equal to one, we can define a class of measures of

dispersion of the mixing distribution F for any k ∈ R by

(29) dF (k) ≡
∣∣EF

(
Xk
)
− 1
∣∣ .

Analogously, we can define a class of measures of dispersion of the search technology
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Pn, which has mean θ, for any k ∈ R by

(30) dP(k; θ) ≡

∣∣∣∣∣EP
(
N(θ)k

)
− E (N(θ))k

EP (N(θ))k

∣∣∣∣∣ .
In general, for any k ∈ R, the values dF (k) and dP(k; θ) are measures of dispersion.

The reason why we need to take the absolute value in (29) and (30) is because k ∈ R
and, by Jensen’s inequality, we have EF (X

k) > 1 if xk is strictly convex (i.e. k > 1 or

k < 0) and EF (X
k) < 1 if xk is strictly concave (i.e. k ∈ (0, 1)).

In the special case where k = 2, we have dF (2) = cv2F , the squared coefficient of

variation of F , while dP(2; θ) = cv2P(θ), the squared coefficient of variation of Pn. It

can be shown that cv2P(θ) = cv2F + 1/θ. As the expected number of draws θ increases,

the measure of dispersion cv2P(θ) decreases, but it may or may not converge to zero.

Given we are interested in what happens when the number of draws is large, our

main object of interest will be the asymptotic dispersion, which is defined as the “resid-

ual” dispersion that remains in the limit as θ → ∞. Defining the asymptotic dispersion

of Pn by dP(k) ≡ limθ→∞ dP(k; θ), it is useful to state the following corollary.

Corollary 2. For any k ∈ R, the asymptotic dispersion dP(k) of the search technology

Pn is equal to the dispersion dF (k) of the mixing distribution F . That is,

(31) dP(k) = dF (k).

The asymptotic dispersion dP(k) is zero for all k ∈ R if and only if Pn is Poisson.

Corollary 2 tells us that dF (k) is both a measure of dispersion for the mixing dis-

tribution F and a measure of asymptotic dispersion dP(k) for the search technology

Pn. This will prove useful later as the asymptotic dispersion will turn out to be what

matters for the impact of the search technology on extreme value outcomes.

Example 1. If Pn is a Poisson search technology, then F is degenerate and dF (2) =

cv2F = 0, so the asymptotic dispersion is zero as θ → ∞.

Example 2. If Pn is a Geometric search technology, then F is exponential and

dF (2) = cv2F = 1, so there is asymptotic dispersion as θ → ∞, which is equal to that

of the mixing distibution F .
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In the special case where Pn is Poisson, the random variable N(θ) behaves asymp-

totically like a constant (i.e. as though Pn is asymptotically degenerate). However,

if the search technology Pn is not Poisson, i.e. the mixing distribution F is non-

degenerate, then N(θ) exhibits asymptotic dispersion. This will turn out to be crucial

for understanding our next results regarding the extreme value distribution.

5 Extreme value distribution

In this section, we prove our first main theorem. We provide a general result

regarding the extreme value distribution when the number of draws from the underlying

distribution is random and the search technology is invariant.

We assume throughout the remainder of the paper that G is well-behaved and has

a tail index γ ∈ R. The tail index is a measure of tail fatness, with a higher value of

γ corresponding to fatter tails. The tail index is crucial for determining the domain of

attraction of G, i.e. the type of extreme value distribution. It is defined below.

Definition 2. We say that G is well-behaved if and only if limx→x
1−G(x)
g(x)

= a where

a ∈ R+ ∪ {+∞} and G has finite tail index γ ∈ R given by

(32) lim
x→x

d

dx

(
1−G(x)

g(x)

)
= γ.

Let X1, ..., Xn be i.i.d. random variables with distribution G. Define the random

variable Mn ≡ max{X1, ..., Xn} where n ≥ 1. Classical extreme value theory tells us

that under certain conditions on G, there exist normalizing constants an, bn such that

the sequence of normalized random variables Zn = anMn+ bn converges in distribution

as n → ∞. Moreover, the Fisher-Tippett-Gnedenko extreme value theorem tells us

that the limiting distribution of Zn must take the following form:

(33) Hγ(x) =

e−(1+γx)−1/γ
if γ ̸= 0,

e−e−x
if γ = 0,

where Hγ(x) ≡ limn→∞ Pr(Zn ≤ x). This means that the extreme value distribution

must be one of only three types: it must be either Frechet (if γ > 0), Weibull (if

γ < 0), or Gumbel (if γ = 0). Henceforth, we define vγ(x) ≡ (1 + γx)−1/γ if γ ̸= 0 and
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vγ(x) ≡ e−x if γ = 0. See, for example, de Haan and Ferreira (2007) for the relevant

conditions and normalizing constants for different distributions G.

Now supposeN(θ) is a discrete random variable with mean θ, and define the random

variable MN(θ) ≡ max{X1, ..., XN(θ)}. The following theorem tells us that there exist

normalizing constants aθ, bθ such that the sequence of normalized random variables

ZN(θ) = aθMN(θ) + bθ converges in distribution as θ → ∞. However, Theorem 1 says

that the limiting distribution takes a form which depends not only on the underlying

distribution G and its tail index, but also on the search technology Pn.

Theorem 1. Suppose N(θ) is a random variable with distribution Pn that satisfies

A2. Assume there exist normalizing constants an, bn such that the distribution of the

normalized random variable Zn = anMn+ bn converges as n→ ∞ to the extreme value

distribution

(34) Hγ(x) = e−vγ(x)

where Hγ(x) ≡ limn→∞ Pr(Zn ≤ x). The distribution of the normalized random vari-

able ZN(θ) = aθMN(θ) + bθ converges as θ → ∞ to the extreme value distribution

(35) Hγ,P(x) = P0(vγ(x))

where Hγ,P(x) ≡ limθ→∞ Pr(ZN(θ) ≤ x).

In the special case where Pn is Poisson and P0(x) = e−x, it is easy to see that we

recover the original extreme value distribution, i.e. Hγ,P(x) = Hγ(x). Conversely, if

Hγ,P(x) = Hγ(x) and Pn satisfies A2, then Pn must be Poisson.5

Corollary 3. Suppose that Pn satisfies A2. The extreme value distribution is

(36) Hγ,P(x) = Hγ(x)

if and only if the search technology Pn is Poisson.

This result explains why the Poisson distribution has a special role in extreme value

theory. When we move away from the Poisson distribution, however, the extreme value

distribution no longer takes any of the standard forms.

5To see this, if Pn satisfies A2 and Hγ,P(x) = Hγ(x), then P0(vγ(x)) = e−vγ(x) by Theorem 1, so
P0(x) = e−x. Thus the probability generating function of Pn is P0(θ(1 − y)) by A2 and Pn must be
Poisson because it is determined uniquely by its probability generating function.
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Example 1. If Pn is a Poisson search technology, the extreme value distribution is

(37) Hγ,P(x) =

e−(1+γx)−1/γ
if γ ̸= 0,

e−e−x
if γ = 0.

That is, the Poisson search technology delivers the standard extreme value distribution

not only for the Pareto example but for any underlying distribution G.

Example 2. If Pn is a Geometric search technology, the extreme value distribution

is

(38) Hγ,P(x) =

 1
1+(1+γx)−1/γ if γ ̸= 0,

1
1+e−x if γ = 0.

This differs from any of the three standard forms of the extreme value distribution.

6 Extreme value outcomes

In this section, we prove our second main theorem. We provide a general result

regarding the outcomes of extreme value processes, e.g. functions of maxima, when

the number of draws is random and the search technology is invariant. This result

generalizes a result in Gabaix et al. (2016) regarding extreme value outcomes.

More precisely, we study the asymptotic behaviour of the expected value of a func-

tion ζ of the maximum. Specifically, we take the expectation of ζ(x) with regard to

the distribution of the maximum, HP(x; θ), and we then consider the limit as θ goes

to infinity. That is, we consider the asymptotic behavior of the function EHP(ζ(x). We

refer to the asymptotic behavior of EHP(ζ(x)) as an extreme value outcome.

Before presenting our main result, we require the following definition.6

Definition 3. A function h : R+ → R is regularly varying at zero with index ρ,

denoted h ∈ RV 0
ρ , if and only if, for all λ > 0, we have

(39) lim
t→0

h(λt)

h(t)
= λρ.

6See Bingham, Goldie, and Teugels (1987) or Resnick (1987).
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The following assumption regarding the function ζ will be used in Theorem 2.

Assumption A3. The function ζ : [x, x̄] → R is measurable and bounded on [x, x] for

any x ∈ (x, x̄), and the integral
∫ x

x
|ζ(x)g(x)| dx is finite.

We also define the Mellin transform of a function, which will prove useful. The

Mellin transform of a function f : R+ → R, denoted f̆ , is defined by

(40) f̆(a) ≡
∫ ∞

0

ta−1f(t)dt.

In the statement of Theorem 2 and the following results, we adopt standard notation

and write F1(θ) ∼θ→∞ F2(θ), or simply F1(θ) ∼ F2(θ), if and only if limθ→∞
F1(θ)
F2(θ)

= 1.

Theorem 2. Suppose that Pn satisfies A2 and ζ satisfies A3 and ζ(G−1(1−t)) ∈ RV 0
ρ

for some ρ > −1. If EF (X
s) is finite for all s in a neighbourhood of −ρ, then

(41) EHP(ζ(x)) =

∫ x

x

ζ(x)hP(x; θ)dx ∼θ→∞ ζ

(
G−1

(
1− 1

θ

))
ΨP(ρ+ 1)

where ΨP : R → R+ is defined by

(42) ΨP(a) ≡
∫ ∞

0

za−1(−P′
0(z))dz.

The formal proof of Theorem 2 can be found in the Appendix, but we include a

simple heuristic derivation below, which highlights the key role of regular variation.

Heuristic proof. By the assumption of invariance, the pdf of HP(x; θ) is

(43) hP(x; θ) =
−g(x)θP′

0(θ(1−G(x)))

1− P0(θ)

Given that limθ→∞ P0(θ) = 0, and changing variables by setting z = θ(1−G(x)),

(44)

∫ x

x

ζ(x)hP(x; θ)dx ∼θ→∞

∫ θ

0

ζ
(
G−1

(
1− z

θ

))
(−P′

0(z))dz.

Our assumption that ζ(G−1(1− t)) is regularly varying at zero with index ρ implies

(45) lim
t→0

ζ (G−1 (1− zt))

ζ (G−1 (1− t))
= zρ.
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Setting t = 1/θ, this is equivalent to

(46) ζ
(
G−1

(
1− z

θ

))
∼θ→∞ ζ

(
G−1

(
1− 1

θ

))
zρ.

This allows us to take the first term on the right outside the integral:

(47)

∫ θ

0

ζ
(
G−1

(
1− z

θ

))
(−P′

0(z))dz ∼θ→∞ ζ

(
G−1

(
1− 1

θ

))∫ ∞

0

zρ(−P′
0(z))dz.

Theorem 2 shows clearly that extreme value outcomes may be affected by the

search technology Pn. To understand this better, the following result provides a useful

expression for the term ΨP(a) that will help us understand exactly how the search

technology influences extreme value outcomes.

Lemma 5. If Pn satisfies A2, then

(48) ΨP(a) = Γ(a)φP(1− a)

where φP : R → R+ is defined for all k ∈ R by

(49) φP(k) ≡ EF (X
k)

and Γ(.) is the Gamma function, defined by Γ(a) ≡
∫∞
0
ta−1e−tdt.

The corollary below follows immediately from Theorem 2 and Lemma 5.

Corollary 4. Suppose that Pn satisfies A2 and ζ satisfies A3 and ζ(G−1(1−t)) ∈ RV 0
ρ

for some ρ > −1. If EF (X
s) is finite for all s in a neighbourhood of −ρ, then

(50) EHP(ζ(x)) ∼θ→∞ ζ

(
G−1

(
1− 1

θ

))
Γ(ρ+ 1) φP(−ρ)︸ ︷︷ ︸

effect of search frictions

where Γ(a) ≡
∫∞
0
ta−1e−tdt and φP(k) ≡ EF (X

k).

Corollary 4 makes it easy to compare our general result with the result proven in

Gabaix et al. (2016). If the distribution Pn is degenerate, they show that

(51) EHP(ζ(x)) ∼θ→∞ ζ

(
G−1

(
1− 1

θ

))
Γ(ρ+ 1).
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This corresponds to the special case of (49) where there is no effect of search frictions.

Example 1. If Pn is a Poisson search technology, then F is degenerate and

EF (X
−ρ) = 1, so φP(−ρ) = 1 by Lemma 5 and thus

(52) EHP(ζ(x)) ∼θ→∞ ζ

(
G−1

(
1− 1

θ

))
Γ(ρ+ 1)

by Corollary 4. We therefore recover the result in Mangin (2022), which holds for the

special case where the search technology Pn is Poisson with mean θ.

Example 2. If Pn is a Geometric search technology, then F is exponential and

E(X−ρ) = Γ(1− ρ), so φP(−ρ) = Γ(1− ρ) by Lemma 5 and thus we obtain

(53) EHP(ζ(x)) ∼θ→∞ ζ

(
G−1

(
1− 1

θ

))
Γ(ρ+ 1) Γ(1− ρ)︸ ︷︷ ︸

effect of search frictions

by Corollary 4. There is clearly an asymptotic effect of search frictions on extreme

value outcomes whenever ρ is non-zero, but the direction of the effect depends on the

value of ρ, which we discuss in more detail next.

Effect of asymptotic dispersion

There is a very close connection between φP(k) ≡ EF (X
k) and the measure of

dispersion we defined earlier, dF (k) =
∣∣EF

(
Xk
)
− 1
∣∣ . Using the fact that φP(k) ≡

EF (X
k), we can write dF (k) = |φP(k)− 1| . Recall that, by Jensen’s inequality, we

have EF (X
k) > 1 if Xk is strictly convex (i.e. k > 1 or k < 0) and EF (X

k) < 1 if Xk

is strictly concave (i.e. k ∈ (0, 1)). Since we assume that ρ > −1, we can express the

effect of search frictions φP(−ρ) as follows:

(54) φP(−ρ) =

1 + dF (−ρ) if ρ ≥ 0,

1− dF (−ρ) if ρ < 0.

This makes it clear that extreme value outcomes may be either increasing or de-

creasing in the dispersion of the mixing distribution F , depending on both the specific

application and the underlying distribution G, which will jointly determine the rele-

vant value of ρ. We know from Corollary 2 that dF (k) is also equal to the asymptotic
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dispersion dP(k) of the distribution Pn. That is, limθ→∞ dP(k; θ) = dF (k). So, it is

equivalent to say that extreme value outcomes may be either increasing or decreasing

in the asymptotic dispersion of the distribution Pn.

The following corollary summarizes the asymptotic effects of the search technology

on extreme value outcomes.7

Corollary 5. Suppose that Pn satisfies A2 and ζ satisfies A3 and ζ(G−1(1−t)) ∈ RV 0
ρ

for some ρ > −1. If EF (X
s) is finite for all s in a neighbourhood of −ρ, then

1. If ρ = 0, there is no asymptotic effect of search frictions on extreme value out-

comes regardless of the search technology Pn.

2. If ρ ̸= 0, there is an asymptotic effect of search frictions on extreme value out-

comes if and only if there is asymptotic dispersion, dP(−ρ) > 0.

3. If ρ > 0, extreme value outcomes are increasing in asymptotic dispersion dP(−ρ).

4. If ρ < 0, extreme value outcomes are decreasing in asymptotic dispersion dP(−ρ).

In the next section, we consider some applications of our general results.

7 Applications

We now consider two applications: aggregate productivity and markups. First, we

discuss a particular family of search technologies that will be useful for our applications.

7.1 Negative binomial family

For both of our applications, we focus on the negative binomial family of search

technologies. All of the distributions in this family satisfy Assumption A2.

This family of search technologies is very useful because, as we will see, it nests

the Poisson search technology as a limiting case, and it nests the Geometric search

technology as a special case. Moreover, the family is analytically tractable and may be

useful for empirical applications because it features a single parameter, r, that captures

the degree of asymptotic dispersion and could potentially be estimated.

7Item 1 of Corollary 5 is immediate from the fact that EF (X
0) = 1. To see that Item 2 obtains,

note that dP(−ρ) = 0 if and only if EF (X
−ρ) = 1. Items 3 and 4 follow immediately from (54).
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We can interpret the negative binomial random variable Nr(θ) as counting the

number n of failures before r successes, where the probability of success is r
r+θ

and the

expected number of failures before r successes is θ. Alternatively, it can be interpreted

as a mixed Poisson distribution, with F equal to the Gamma distribution.

If Pn(θ) is negative binomial, then

(55) Pn(θ) =

(
n+ r − 1

n

)(
r

r + θ

)r (
θ

r + θ

)n

where r ∈ N \ {0} and the function P0 is given by

(56) P0(z) =

(
r

r + z

)r

.

If Pn is in the negative binomial family, the degree of asymptotic dispersion dP(k)

is captured by the parameter r. In particular, if k = 2, the asymptotic dispersion is

(57) cv2∞ =
1

r
.

Equivalently, 1/r is also equal to cv2F , the squared coefficient of variation of the mixing

distribution F . This means that we can think of 1/r as representing the “residual”

degree of search frictions when the expected number of firms becomes large. This can

vary between zero and one. By varying the single parameter r of the negative binomial

family of distributions, we can determine the effect the search technology.

Observe that when r = 1, we obtain the Geometric search technology. In the

limit as r → ∞, we obtain the Poisson search technology, which has zero asymptotic

dispersion.

7.2 Aggregate productivity

Suppose there is a continuum of measure one of firms. Firm-level productivity is a

random shock that is equal to the firm’s highest draw from an underlying distribution of

productivities G that has unbounded upper support. Each firm has the same expected

number of productivity draws θ, but the actual number of draws each firm gets is

random and given by a search technology Pn that satisfies A2.

Aggregate productivity yP(θ) is equal to the average firm-level productivity. That

is, it is equal to the expected value of each firm’s highest draw from the underlying
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productivity distribution G, where the number of draws n ∼ Pn(θ), i.e. yP(θ) ≡ EHP(x).

For any θ ∈ Θ, aggregate productivity is given by

(58) yP(θ) =

∫ ∞

x

x dHP(x).

Now suppose the expected number of productivity draws for each firm becomes

large. The next proposition provides an asymptotic result for aggregate productivity

in the limit as θ → ∞. Before stating this proposition, the following lemma from

Gabaix et al. (2016) presents some facts that will be useful for applying Theorem 2.

Lemma 6. If the distribution G is well-behaved with tail index γ < 1, then

1. We have g(G−1(1− t)) ∈ RV 0
ρ where ρ = γ + 1.

2. If x = ∞, then G−1(1− t) ∈ RV 0
ρ where ρ = −γ.

3. If x <∞, then x−G−1(1− t) ∈ RV 0
ρ where ρ = −γ.

Proposition 3 follows directly from Theorem 2 with ζ(x) = x. Clearly, ζ satisfies

A3 since G has a finite mean by A1 and thus
∫ x

x
|ζ(x)g(x)|dx is finite. Moreover, since

we assume x = ∞, Lemma 6 implies ζ(G−1(1− t)) ∈ RV 0
ρ where ρ = −γ and γ is the

tail index of G. Finally, ρ > −1 because γ < 1 by assumption.

Before stating Proposition 3, we make the following assumption, which will be used

for all three of our applications.

Assumption A4. The distribution G is well-behaved with tail index γ < 1 and the

search technology Pn satisfies EF (X
s) is finite for all s in a neighbourhood of γ.

Proposition 3. If A2 and A4 hold, and x̄ = ∞, then

1. Aggregate productivity is given by

(59) yP(θ) ∼θ→∞ G−1

(
1− 1

θ

)
Γ(1− γ) φP(γ).︸ ︷︷ ︸

effect of search frictions

2. For all γ ∈ (0, 1), yP(θ) is decreasing in asymptotic dispersion dF (γ).

3. If γ = 0, then yP(θ) does not depend on the asymptotic dispersion dF (γ).
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Proposition 3 implies that, for any given expected number of draws θ, aggregate

productivity is maximized when the asymptotic dispersion is zero, i.e. the search tech-

nology is Poisson. If the search technology is more dispersed than Poisson, this implies

a kind of “misallocation” in terms of the distribution of the number of productivity

draws across firms, which reduces aggregate productivity. Surprisingly, this misalloca-

tion due to search frictions still matters even in the limit as the expected number of

productivity draws each firm gets becomes large.

We now turn to the negative binomial family of search technologies.

Corollary 6. If Pn is negative binomial with parameter r, G is well-behaved with tail

index γ < 1 and x̄ = ∞, and r > −γ, then

1. Aggregate productivity is given by

(60) yP(θ) ∼θ→∞ G−1

(
1− 1

θ

)
Γ(1− γ)

(
r−γΓ(r + γ)

Γ(r)

)
.︸ ︷︷ ︸

effect of search frictions

2. For all γ ∈ (0, 1), yP(θ) is decreasing in 1/r.

3. If γ = 0, then yP(θ) does not depend on 1/r.

Importantly, search frictions can affect not only the level of aggregate productivity

but also the cross-sectional distribution of productivity across firms. For the negative

binomial family of search technologies, the cross-sectional distribution of productivity

across firms is given by the following result. To obtain this result, we use the expression

for P0 given by (56) and directly apply Theorem 1, which says thatHγ,P(x) = P0(vγ(x)).

Corollary 7. Suppose that Pn is negative binomial with parameter r, G is well-behaved

with tail index γ, and r > −γ. Then, if G satisfies the conditions of Theorem 1, the

cdf of the (normalized) cross-sectional productivity distribution is

(61) Hγ,P(x) =

(
r

r + vγ(x)

)r

where vγ(x) ≡ (1 + γx)−1/γ if γ ̸= 0 and e−x if γ = 0.
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Example 1. If Pn is a Poisson search technology, letting r → ∞ yields

(62) yP(θ) ∼θ→∞ G−1

(
1− 1

θ

)
Γ(1− γ).

That is, the Poisson search technology yields the same aggregate productivity as a

degenerate search technology, where each firm has the same number of draws.

The cdf of the (normalized) cross-sectional productivity distribution is

(63) Hγ,P(x) =

e−(1+γx)−1/γ
if γ ̸= 0,

e−e−x
if γ = 0,

which is just the standard form of the extreme value distribution.

Example 2. If Pn is a Geometric search technology, setting r = 1 delivers

(64) yP(θ) ∼θ→∞ G−1

(
1− 1

θ

)
Γ(1− γ)Γ(1 + γ).

In this case, the search technology has no effect if the tail index is γ = 0, but it leads to

lower aggregate productivity if γ > 0 because Γ(1 + γ) < 1. This effect occurs despite

the fact that the expected number of productivity draws each firm receives is the same

value θ, and we are also taking the limit as θ becomes large.

The cross-sectional productivity distribution is also affected by the search technol-

ogy. The cdf of the (normalized) cross-sectional productivity distribution is

(65) Hγ,P(x) =

 1
1+(1+γx)−1/γ if γ ̸= 0,

1
1+e−x if γ = 0,

which is different from all three standard extreme value distributions.

Example: Pareto distribution of productivities

To work out the exact expressions for aggregate productivity and the cross-sectional

productivity distribution across all firms, we need to consider a specific underlying

distribution from which the firm-level productivities are drawn.

Suppose the underlying distribution of productivities is Pareto, G(x) = 1 − x−1/γ
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on [1,∞), which has tail index γ ∈ (0, 1). If all firms have the same number of draws

θ, i.e. if the search technology Pn is degenerate, we know from Section 3 that the

(normalized) cross-sectional distribution of productivities is Fréchet. More precisely,

Hγ(x) = e−x−1/γ
. Next, using the fact that G−1

(
1− 1

θ

)
= θγ, aggregate productivity

is

(66) yP(θ) ∼θ→∞ θγΓ(1− γ).

Now suppose the number of draws is given by a search technology Pn that is negative

binomial with parameter r > −γ. Aggregate productivity is given by

(67) yP(θ) ∼θ→∞ θγΓ(1− γ)

(
r−γΓ(r + γ)

Γ(r)

)
︸ ︷︷ ︸

effect of search frictions

and the cdf of the (normalized) cross-sectional productivity distribution is

(68) Hγ,P(x) =

(
r

r + x−1/γ

)r

.

Example 1. If Pn is a Poisson search technology, letting r → ∞ yields

(69) yP(θ) ∼θ→∞ θγΓ(1− γ)

and the cdf of the (normalized) cross-sectional productivity distribution is

(70) Hγ,P(x) = e−x−1/γ

.

Example 2. If Pn is a Geometric search technology, setting r = 1 delivers

(71) yP(θ) ∼θ→∞ θγΓ(1− γ)Γ(1 + γ)

and the cdf of the (normalized) cross-sectional productivity distribution is

(72) Hγ,P(x) =
1

1 + x−1/γ
.

From Corollary 6, we know that aggregate productivity yP(θ) is strictly decreasing
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in the asymptotic dispersion 1/r because γ ∈ (0, 1). Therefore, aggregate productivity

yP(θ) is highest when r → ∞ (Poisson) and lowest when r = 1 (Geometric). From the

examples above, the ratio of the lowest to highest aggregate productivity is Γ(1 + γ).

For example, suppose that γ = 0.5. If all firms have the same number of produc-

tivity draws, or alternatively if the search technology Pn is Poisson, then yP(θ) ∼θ→∞

θγ
√
π. However, if Pn is a Geometric search technology then yP(θ) ∼θ→∞ θγ(π/2). So,

the ratio of aggregate productivity for Geometric versus Poisson is
√
π/2 ≈ 0.886. This

means that the decline in aggregate productivity due to the frictional search technol-

ogy is significant: around 11.4%. This is despite the fact that all firms have the same

expected number of productivity draws and we are taking the limit as the number of

productivity draws per firm becomes large.

Figure 1: Cross-sectional firm productivity distribution when G is Pareto and γ = 0.5.

There is also a significant effect of search frictions on cross-sectional productivity

dispersion. Consider the measure of cross-sectional productivity dispersion cvH,P, de-

fined as the coefficient of variation of the distribution Hγ,P. Suppose that γ = 0.5. If

all firms have the same number of productivity draws, or the search technology Pn

is Poisson, then cvH,P = 25.03. However, if Pn is a Geometric search technology then

cvH,P = 32.82. Thus, the increase in cross-sectional productivity dispersion due to the

frictional search technology is significant: around 28%.
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Figure 1 illustrates this example by depicting the Fréchet productivity distribution

that arises when the search technology is Poisson (or deterministic), as well as the cross-

sectional productivity distribution that arises when the search technology is Geometric.

Figure 1 shows that when the search technology changes from Poisson to Geometric,

average productivity decreases and cross-sectional productivity dispersion increases.

7.3 Markups

Consider a discrete choice model with random utility shocks. There is a continuum

of measure one of consumers, and a continuum of measure θ of firms. Each firm sells

a single indivisible good, and each consumer has unit demand.

Each consumer meets a random number n of firms. The randomness of n reflects

the presence of search frictions. We assume that the distribution of n across consumers

as given by a search technology Pn with mean θ that satisfies A2.

Each consumer draws a random utility shock xi from a distribution G for each firm

i they meet. This shock xi represents the consumer’s valuation of firm i’s good. These

utility shocks are observed by the consumer and each of the n firms a consumer meets.

After observing the utility shocks (x1, ..., xn), as well as the number of competitors,

firms set prices simultaneously. Let Mn denote the maximum of (x1, ..., xn) and let Sn

denote the second highest utility shock. In equilibrium, each consumer purchases from

the firm which gives it the highest utility, and the markup, i.e. price minus marginal

cost, is equal to µn = Mn − Sn. This type of pricing is sometimes called either “limit

pricing” (personalized pricing) or Bertrand competition.

The average markup across consumers (given n ≥ 1) is

(73) µP(θ) =

∑∞
n=1 Pn(θ)µn

1− P0(θ)

which can be expressed as follows:

(74) µP(θ) =

∫ x

x

(
1−G(x)

g(x)

)
hP(x; θ)dx.

We are interested in the asymptotic markup in the limit as the expected number
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of firms each consumer meets becomes large, i.e. as θ → ∞, which is

(75) µP(θ) ∼θ→∞ EHP

(
1−G(x)

g(x)

)
.

To prove the following result, we apply Theorem 2 with ζ(x) = 1−G(x)
g(x)

. First, ζ

satisfies A3. We have that ζ(x) is bounded on [x, x] for all x ∈ [x, x) since 1−G(x) ∈
[0, 1] and g(x) > 0 for all x ∈ [x, x) by A1. Also,

∫ x

x
|1 − G(x)|dx < ∞ by A1

since G has a finite mean. Moreover ζ(G−1(1 − t)) ∈ RV 0
ρ where ρ = −γ because

g(G−1(1− t)) ∈ RV 0
γ+1 by Lemma 6. Finally, ρ > −1 since we assume γ < 1.8

Proposition 4. If A2 and A4 hold, then

1. The asymptotic markup is

(76) µP(θ) ∼θ→∞
Γ(1− γ)

θg
(
G−1

(
1− 1

θ

)) φP(γ).︸ ︷︷ ︸
effect of search frictions

2. In the limit as θ → ∞, we have µP(θ) → 0 if and only if limx→x̄
1−G(x)
g(x)

= 0.

While we focus here on “limit pricing” (personalized pricing) or Bertrand compe-

tition, which gives us the expression for the asymptotic markup in Proposition 4, our

general result in Theorem 2 can also be applied to derive the asymptotic markups for

the wider class of random utility models studied in Gabaix et al. (2016), which includes

Perloff and Salop (1985), Sattinger (1984), and Hart (1985). In particular, Theorem 2

can be used to generalize some of the results in Rhodes and Zhou (2022) regarding the

asymptotic behavior of personalized and uniform markups.

Corollary 8 below summarizes the effect of asymptotic dispersion on markups. In-

terestingly, the effect may be either positive or negative depending on the tail index of

the underlying distribution G. That is, greater dispersion of the search technology, i.e.

higher search frictions, can either increase or decrease markups.

The following corollary is immediate from Proposition 4, given that

(77) φP(γ) =

1− dF (γ) if γ ∈ (0, 1),

1 + dF (γ) if γ ∈ [−1, 0).

8For part 2, letting x = G−1
(
1− 1

θ

)
yields limθ→∞ µP(θ) = Γ(1− γG)φP(γ) limx→x̄

1−G(x)
g(x) .
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Corollary 8. If A2 and A4 hold, and x̄ = ∞, then

1. For all γ ∈ (0, 1), µP(θ) is decreasing in asymptotic dispersion dF (γ).

2. For all γ ∈ [−1, 0), µP(θ) is increasing in asymptotic dispersion dF (γ).

3. If γ = 0, then µP(θ) does not depend on the asymptotic dispersion dF (γ).

We now consider the negative binomial family of search technologies. Corollary

9 provides an expression for the asymptotic markup and some comparative statics

describing the effect of an increase in 1/r (i.e. an increase in cv2∞).

Corollary 9. If Pn is negative binomial with parameter r, G is well-behaved with tail

index γ < 1, and r > −γ, then

1. For all γ ∈ [−1, 1), the asymptotic markup is

(78) µP(θ) ∼θ→∞
Γ(1− γ)

θg
(
G−1

(
1− 1

θ

)) (r−γΓ(r + γ)

Γ(r)

)
.︸ ︷︷ ︸

effect of search frictions

2. For all γ ∈ (0, 1), µP(θ) is decreasing in 1/r.

3. For all γ ∈ [−1, 0), µP(θ) is increasing in 1/r.

4. If γ = 0, then µP(θ) does not depend on 1/r.

Example 1. If Pn is a Poisson search technology, letting r → ∞ yields

(79) µP(θ) ∼θ→∞
Γ(1− γ)

θg
(
G−1

(
1− 1

θ

)) .
In this case, we recover the same expression as in Gabaix et al. (2016). That is, the

asymptotic markup is the same as when n is deterministic.

Example 2. If Pn is a Geometric search technology, setting r = 1 delivers

(80) µP(θ) ∼θ→∞
Γ(1− γ)

θg
(
G−1

(
1− 1

θ

)) Γ(1 + γ).︸ ︷︷ ︸
effect of search frictions
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In this case, there is a clear effect of asymptotic search frictions on markups (unless

γ = 0), but the direction of this effect depends on the tail index γ. Markups for the

Geometric search technology may be either higher or lower than for the Poisson search

technology depending on the value of γ.

Example: Uniform distribution of utility shocks

Suppose the distribution of utility shocks is uniform, G(x) = x on [0, 1], which has

tail index γ = −1. If all consumers meets the same number of firms θ, i.e. if the search

technology Pn is degenerate, we know from Gabaix et al. (2016) that

(81) µP(θ) ∼θ→∞
1

θ
.

As expected, the average markup is strictly decreasing in the number of firms.

Now suppose the search technology Pn is negative binomial with parameter r > −γ.
In this case, the average markup is given by

(82) µP(θ) ∼θ→∞
1

θ

(
r

r − 1

)
.︸ ︷︷ ︸

effect of search frictions

For any value of r, the average markup goes to zero in the limit as the expected

number of firms each consumer meets becomes large. However, we can still consider

the ratio of asymptotic markups for different search technologies. We know that the

asymptotic markup is increasing in the asymptotic dispersion 1/r by Corollary 9 be-

cause γ = −1 in this example. Therefore, the asymptotic markup µP(θ) is highest

when r → ∞ (Poisson) and lowest as r → 1 (Geometric).

Example 1. If Pn is a Poisson search technology, letting r → ∞ yields

(83) µP(θ) ∼θ→∞
1

θ

which is idential to the asymptotic markup for the case where Pn is degenerate.

Example 2. If Pn is negative binomial with r = 2, we obtain

(84) µP(θ) ∼θ→∞
2

θ
.
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Note that we cannot consider the Geometric example because we require r > −γ and

γ = −1 if the underlying distribution G is uniform.

If all consumers meet the same number of firms (i.e. Pn is degenerate), or the search

technology Pn is Poisson, the asymptotic markup is µP(θ) ∼θ→∞ 1/θ. However, if Pn is

negative binomial with r = 2 then µP(θ) ∼θ→∞ 2/θ, which is twice as high. Therefore,

the increase in markups due to the frictional search technology is 100%. This is despite

the fact that the expected number of firms each consumer meets is the same in both

cases, and we are taking the limit as the expected number of firms becomes large.

7.4 Auctions

The expected surplus for a winning bidder in a second-price auction is equal to the

expected markup µP(θ) described above. Therefore, some of our results on asymptotic

markups can be applied directly to auctions with a large number of bidders. It follows

from the revenue equivalence theorem that these results apply not only to second-

price auctions but to any type of auction which satisfies the conditions of the revenue

equivalence theorem, e.g. first-price, second-price, all-pay, or English auctions.9

Consider a seller who runs a second-price auction for a single indivisible good.

Buyers’ valuations are private i.i.d. draws from a distribution G that satisfies A1. The

number of bidders n is random, and this randomness reflects the presence of search

frictions.10 We assume that the distribution of n is given by a search technology Pn

with mean θ that satisfies A2. We assume there is no reserve price for the auction.

When there are n ≥ 2 bidders, all bidders bid their own valuation and the bidder

with the highest valuation wins the auction. The revenue for the seller is equal to

second-highest valuation, Sn, and the surplus for the winning bidder is equal to the

difference between the highest and second-highest valuation, Mn−Sn, whereMn is the

highest valuation. When there is exactly one bidder, he gets the full surplus, EG(x).

Let VP(θ) denote the total surplus of the auction when the expected number of

bidders is θ. Let V b
P (θ) denote the expected surplus for the winning bidder and let

9In fact, all that is required for our results to apply is that asymptotic revenue equivalence holds
(in the limit as the number of bidders becomes large). This is true under weaker assumptions than
revenue equivalence, so it holds for a wider class of auctions.

10We abstract from details here, but this applies, for example, in competing auctions environments
such as Peters and Severinov (1997), Albrecht et al. (2014), and Lester et al. (2015). In such environ-
ments, a large number of sellers post auctions and Pn is the distribution of bidders across sellers.
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V s
P (θ) denote the expected revenue for the seller.

To keep the results interesting, we assume the distribution of valuations is not

bounded above. Proposition 5 says that, if the search technology Pn satisfies A2, then

as the expected number of bidders becomes large, the seller and the winning bidder

split the total surplus of the auction according to a constant surplus share γ, where γ

is the tail index of the distribution of valuations G. Only the total surplus is affected

by properties of the search technology Pn, not the surplus shares of bidders and sellers.

Proposition 5. If A2 and A4 hold, and x̄ = ∞, then

1. The asymptotic total expected surplus is

(85) VP(θ) ∼θ→∞ G−1

(
1− 1

θ

)
Γ(1− γ) φP(γ).︸ ︷︷ ︸

effect of search frictions

2. The asymptotic expected surplus for the winning bidder is

(86) V b
P (θ) ∼θ→∞ γVP(θ).

3. The asymptotic expected revenue for the seller is

(87) V s
P (θ) ∼θ→∞ (1− γ)VP(θ).

It is commonly assumed, both in the auctions literature and in the competing

auctions literature, such as Peters and Severinov (1997), Albrecht et al. (2014), and

Lester et al. (2015), that the distribution of valuations is bounded. In this case, the

bidder surplus goes to zero and the seller extracts the full surplus as the number

of bidders becomes large. Surprisingly, however, if the distribution of valuations is

unbounded, i.e. x̄ = ∞, this need not be the case. The asymptotic “informational

rents” accruing to bidders, whose valuations are private information, do not necessarily

go to zero as the number of bidders becomes large. A higher tail index, or fatter tails,

implies higher informational rents and a higher asymptotic surplus share γ for the

winning bidder. Only in the case where γ = 0 does the bidder surplus go to zero as

the number of bidders becomes large. For example, if the distribution of valuations is

exponential then γ = 0 and the surplus share of bidders goes to zero in this limiting

case.
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While similar results are described for a degenerate distribution (fixed number

of bidders) in Gabaix et al. (2016) and the Poisson distribution in Mangin (2017),

Proposition 5 tells us that this asymptotic “surplus sharing rule” is invariant to the

search technology Pn (i.e. it does not depend on the search technology), even though

the expected size of the total surplus VP(θ) does depend on the search technology.

Corollary 10 says that, in the limit as the number of bidders becomes large, both

bidders and sellers prefer lower asymptotic dispersion if γ > 0. This is because the

total surplus is decreasing in asymptotic dispersion, while the surplus shares of the

seller and winning bidder are asymptotically constant. Note that if G is unbounded

(x̄ = ∞) then the tail index is weakly positive, i.e. γ ≥ 0.

Corollary 10. If A2 and A4 hold, and x̄ = ∞, then

1. For all γ ∈ (0, 1), VP(θ), V
b
P (θ) and V s

P (θ) are decreasing in the asymptotic dis-

persion dF (γ).

2. If γ = 0, VP(θ), V
b
P (θ), and V

s
P (θ) do not depend on asymptotic dispersion dF (γ).

We now consider the negative binomial family of search technologies. Corollary

11 provides an expression for the asymptotic surplus and some comparative statics

describing the effect of an increase in 1/r (i.e. an increase in cv2∞) on the asymptotic

surplus, asymptotic seller revenue, and the asymptotic bidder surplus.

Corollary 11. If Pn is negative binomial with parameter r, G is well-behaved with tail

index γ < 1 and x̄ = ∞, and r > −γ, then

1. The asymptotic total expected surplus is

(88) VP(θ) ∼θ→∞ G−1

(
1− 1

θ

)
Γ(1− γ)

(
r−γΓ(r + γ)

Γ(r)

)
.︸ ︷︷ ︸

effect of search frictions

2. For all γ ∈ (0, 1), VP(θ), V
b
P (θ) and V

s
P (θ) are decreasing in 1/r.

3. If γ = 0, then VP(θ), V
b
P (θ) and V

s
P (θ) do not depend on 1/r.

It follows from Corollary 11 that both the asymptotic seller revenue and the asymp-

totic bidder surplus are maximized when r → ∞ (i.e. the search technology is Poisson)

and minimized when r = 1 (i.e. the search technology is Geometric).
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Example 1. If Pn is a Poisson search technology, letting r → ∞ yields

(89) VP(θ) ∼θ→∞ G−1

(
1− 1

θ

)
Γ(1− γ).

The asymptotic bidder surplus is V b
P (θ) ∼ γVP(θ) and the asymptotic seller revenue is

V s
P (θ) ∼ (1− γ)VP(θ). These surplus shares depend only on the tail index γ.

Example 2. If Pn is a Geometric search technology, setting r = 1 delivers

(90) VP(θ) ∼θ→∞ G−1

(
1− 1

θ

)
Γ(1− γ)Γ(1 + γ).

Again, the asymptotic bidder surplus is V b
P (θ) ∼ γVP(θ) and the asymptotic seller

revenue is V s
P (θ) ∼ (1 − γ)VP(θ). If γ > 0, both bidders and the seller prefer the

Poisson search technology because Γ(1 + γ) < 1. If γ = 0, they are indifferent.

Example: Generalized Pareto distribution of valuations

Suppose the distribution of valuations is a Generalized Pareto distribution with

support [1,∞), which has tail index γ ∈ [0, 1). We have

(91) G(x) =

1−
(
1 + γ(x−1)

σ

)−1/γ

if γ > 0,

1− e−(
x−1
σ ) if γ = 0,

where σ ∈ (0,∞). We assume that σ ≥ γ. This distribution nests the Pareto as the

special case where σ = γ > 0, and the exponential distribution in the case where γ = 0.

Now suppose the search technology Pn is negative binomial with parameter r > −γ.
In this case, we obtain

(92) VP(θ) ∼θ→∞


σ
γ
θγΓ(1− γ)

(
r−γΓ(r+γ)

Γ(r)

)
if γ > 0,

ln θ if γ = 0.

We know that the asymptotic surplus VP(θ), the asymptotic bidder surplus V b
P (θ),

and the asymptotic seller revenue V s
P (θ) are all decreasing in the asymptotic dispersion

1/r by Corollary 11. Therefore, all of these are highest when r → ∞ (Poisson) and

lowest as r → 1 (Geometric).
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Example 1. If Pn is a Poisson search technology, letting r → ∞ yields

(93) VP(θ) ∼θ→∞

σ
γ
θγΓ(1− γ) if γ > 0,

ln θ if γ = 0.

The asymptotic bidder surplus is V b
P (θ) ∼ γVP(θ) and the asymptotic seller revenue is

V s
P (θ) ∼ (1− γ)VP(θ). For example, if G is exponential (γ = 0) then V s

P (θ) ∼ 1.

Example 2. If Pn is a Geometric search technology, setting r = 1 delivers

(94) VP(θ) ∼θ→∞

σ
γ
θγΓ(1− γ)Γ(1 + γ) if γ > 0,

ln θ if γ = 0.

Again, the asymptotic bidder surplus is V b
P (θ) ∼ γVP(θ) and the asymptotic seller

revenue is V s
P (θ) ∼ (1 − γ)VP(θ). If γ > 0, both bidders and the seller prefer the

Poisson search technology because Γ(1 + γ) < 1. If G is exponential (γ = 0), they are

indifferent between search technologies.

8 Conclusion

This paper provides some general results regarding the asymptotic effect of search

frictions on the outcomes of extreme value processes, which are widespread in eco-

nomics. To do this, we allow the number of draws from the underlying distribution

(e.g. of productivities, efficiencies, or ideas) to be given by a discrete probability dis-

tribution called the search technology. We show that extreme value outcomes, and

the nature of the extreme value distribution itself, depend not only on the underlying

distribution and its tail index, but also on properties of the search technology.

For example, the fact that the Pareto distribution gives rise to the Fréchet extreme

value distribution is widely used in economic applications. For the class of search

technologies we consider, we show that the Pareto distribution gives rise to an extreme

value distribution that is Fréchet if and only if the search technology is either Poisson

or degenerate. In general, for any other search technologies in the class we consider,

the extreme value distribution does not take any of the three standard types given by

classical extreme value theory (Fréchet, Gumbel, or Weibull).

We find that extreme value outcomes may be either increasing or decreasing in the
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asymptotic dispersion of the search technology, depending on both the tail index of the

underlying distribution and the specific application. We consider some applications

of our results to aggregate productivity, markups, and large auctions. We find that

the nature of the search technology can have a quantitatively significant effect on

both aggregate productivity and the degree of cross-sectional productivity dispersion.

We also find that the search technology can significantly affect asymptotic markups.

Finally, we show that while the search technology affects the total asymptotic surplus

in an auction, it does not affect the surplus shares of bidders and sellers because these

surplus shares depend only on the tail index of the distribution of valuations.
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9 Appendix: Proofs

Proof of Lemma 1

By using (2), it is easy to verify that (i) holds by letting y = 1, and (iii) holds by

assumption. Next, we have

(95) P′
0(z) = −1

θ

∞∑
n=0

nPn(θ)
(
1− z

θ

)n−1

.

Setting z = 0, this implies P′
0(0) = −1 because

∑∞
n=0 nPn(θ) = θ, so (ii) holds. ■

Proof of Lemma 3

If Pn satisfies A2, then P0 is continuous and infinitely differentiable. Moreover,

as shown in Cai et al. (2022), we have (−1)kP(k)
0 (z) ≥ 0 for all k ∈ N and z ∈ R+.

Therefore, P0 is a completely monotone function. By the Bernstein-Widder theorem,

there exists a Laplace transform representation, P0(θ) =
∫
e−θtdF (t) for some finite

measure F on the positive reals. Using the fact that P0(0) = 1 from Lemma 1, it

follows that F must be a probability measure. Also, the mean of F must be one. To

see this, we have

(96) P(k)
0 (θ) = (−1)k

∫
tke−θtdF (t)

where P(k)
0 (0) is the n−th derivative of P0, evaluated at zero. Setting k = 1, the

resulting expression evaluated at θ = 0 gives us P′
0(0) = −

∫
tdF (t). Finally, Lemma 1

implies P′
0(0) = −1, so

∫
tdF (t) = 1, i.e. EF (x) = 1. ■

Proof of Corollary 1

We know from Lester et al. (2015) that Pn is invariant if and only if

(97) Pn(θ) =
(−1)nθnP(n)

0 (0)

n!
.

Using (96) for the k−th derivative, and setting k = n and θ = 0, we obtain (26). ■
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Proof of Lemma 4

Applying Corollary 1, the characteristic function of N(θ)/θ is equal to

E
(
eitN(θ)/θ

)
=

∞∑
n=0

eitn/θPn(θ)

=
∞∑
n=0

eitn/θ
∫ ∞

0

e−θx (θx)
n

n!
dF (x)

=

∫ ∞

0

e−θx

∞∑
n=0

(θxeit/θ)n

n!
dF (x)

=

∫ ∞

0

eθx(e
it/θ−1)dF (x).

Note that we have

lim
θ→∞

θ(eit/θ − 1) = lim
θ→∞

θ

(
∞∑
k=0

(it/θ)k

k!
− 1

)

= lim
θ→∞

θ

(
1 +

it

θ
+

∞∑
k=2

(it/θ)k

k!
− 1

)

= lim
θ→∞

(
it+

∞∑
k=2

(it)k/θk−1

k!

)
= it.

Thus,

lim
θ→∞

E
(
eitN(θ)/θ

)
= lim

θ→∞

∫ ∞

0

eθx(e
it/θ−1)dF (x)

=

∫ ∞

0

exitdF (x)

= EF (e
Xit).

This shows that the limit of the characteristic function of N(θ)/θ is equal to the

characteristic function of a random variable with distribution F . Thus, by Lévy’s

continuity theorem, the distribution of N(θ)/θ converges to F . ■
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Proof of Corollary 2

Starting with definition (30), we have

(98) dP(k; θ) =

∣∣∣∣EP(N(θ)k)− EP(N(θ))k

EP(N(θ))k

∣∣∣∣ .
Using that fact that EP(N(θ)) = θ, we have EP(N(θ))k = θk and thus

(99) dP(k; θ) = |E((N(θ)/θ)k)− 1|.

By Lemma 4, we have limθ→∞ E((N(θ)/θ)k) = EF (X
k) and therefore the asymptotic

dispersion of Pn is given by

dP(k) = lim
θ→∞

dP(k; θ)

= lim
θ→∞

|E((N(θ)/θ)k)− 1|

= |EF (X
k)− 1|

= dF (k),

the dispersion of the mixing distribution F , by definition (29). ■

Proof of Theorem 1

To prove Theorem 1, we use the following theorem from Barndorff-Nielsen (1964).

Theorem 6. Let an and bn be sequences of normalizing constants such that Pr(anMn+

bn ≤ x) converges to Hγ(x). Let N(n) be a sequence of discrete random variables

such that N(n)/n converges in probability to some random variable τ , and suppose

Pr(τ ≤ 0) = 0. Then,

(100) lim
n→∞

Pr(anMN(n) + bn ≤ x) =

∫ ∞

0

Hγ(x)
tdPr(τ ≤ t).

If Pn satisfies A2, then by Lemma 4, we know that N(θ)/θ converges in distribution

to a random variable X with distribution F equal to the mixing distribution of the

mixed Poisson representation of Pn given by Lemma 3.

By Skorokhod’s representation theorem, we can assume that N(θ)/θ converges in
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probability to a random variable τ with distribution F . Also, we have

(101) Pr(X ≤ 0) = lim
θ→∞

Pr(N(θ)/θ ≤ 0) = lim
θ→∞

P0(θ),

and limθ→∞ P0(θ) = 0 by assumption. Thus, the conditions of Theorem 6 apply, so

(102) lim
θ→∞

Pr(aθMN(θ) + bθ ≤ x) =

∫ ∞

0

Hγ(x)
tdF (t),

which can be written as follows:

(103)

∫ ∞

0

Hγ(x)
tdF (t) =

∫ ∞

0

elnHγ(x)tdF (t).

Recall that Lemma 3 says that if Pn satisfies A2, the function P0 can be written as

(104) P0(θ) =

∫
e−θtdF (t)

where F is the mixing distribution of Pn. Therefore, we have

Hγ,P(x) =

∫ ∞

0

Hγ(x)
tdF (t)

=

∫ ∞

0

e−(− lnHγ(x))tdF (t)

= P0(− ln(Hγ(x))).

Finally, we are assuming that Hγ(x) = e−vγ(x). Therefore, we obtain

(105) Hγ,P(x) = P0(vγ(x)),

which completes the proof. ■

Proof of Theorem 2

It follows from Assumption A2 that the associated pdf of HP(x; θ) is

(106) hP(x; θ) =
−g(x)θP′

0(θ(1−G(x)))

1− P0(θ)

42



for (x, x̄). Defining k : R+ → [0, 1] by k(z) = −P′
0(z), we have

(107) hP(x; θ) =
g(x)θk(θ(1−G(x)))

1− P0(θ)
.

Therefore, given that limθ→∞ P0(θ) = 0, we have

(108) EHP(ζ(x)) ∼θ→∞

∫ ∞

x

ζ(x)g(x)θk(θ(1−G(x)))dx.

Consider the integral on the right-hand side of (108). For any given θ, this integral

is finite because A3 says that
∫ x

x
|ζ(x)g(x)| dx < ∞ and we have k : R+ → [0, 1].

Changing variables in the integral in (108) using x = G−1
(
1− 1

t

)
, we obtain

(109)

∫ x̄

x

ζ(x)hP(x; θ)dx =

∫ ∞

1

k

(
θ

t

)
θ

t
ζ

(
G−1

(
1− 1

t

))
dt

t
.

Define k0 : R+ → R+ by k0(z) ≡ zk(z) and define ζ̃ : [0,∞) → R by ζ̃(t) =

ζ
(
G−1

(
1− 1

t

))
for t ∈ [1,∞) and ζ̃(t) = 0 for t ∈ [0, 1). We can thus write:

(110)

∫ x̄

x

ζ(x)hP(x; θ)dx =

∫ ∞

0

k0

(
θ

t

)
ζ̃(t)

dt

t
.

Rewriting the above, we have

(111)

∫ x̄

x

ζ(x)hP(x; θ)dx = (k0
M∗ ζ̃)(θ),

where (ϕ
M∗ f)(θ) denotes the Mellin convolution of ϕ and f , evaluated at θ, defined by

(112) (ϕ
M∗ f)(θ) ≡

∫ ∞

0

ϕ

(
θ

t

)
f(t)

dt

t
.

We can now apply Theorem 4.1.6 from (Bingham et al., 1987, §4.0.1) . This theorem
says that if (i) f : [0,∞) → R is measurable, (ii) f(t) ∈ RV ∞

υ , (iii) there exists σ, τ ∈ R
such that υ ∈ (σ, τ) and for all s ∈ [σ, τ ], the Mellin transform ϕ̆(−s) ≡

∫∞
0
t−s−1ϕ(t)dt

is finite, and (iv) f(t)/tσ is bounded on (0, t] for any t > 0, then

(113) ( ϕ
M∗ f)(θ) ∼θ→∞ ϕ̆(−υ)f(θ).
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We verify that the conditions for applying this theorem hold when f = ζ̃, υ = −ρ,
and ϕ = k0. (i) By assumption A3, ζ is measurable, so ζ̃ is measurable. (ii) By

assumption, ζ(G−1(1− t)) ∈ RV 0
ρ , which implies ζ̃(t) ∈ RV ∞

−ρ since ζ̃(t) = ζ(G−1(1−
1/t)) for t ∈ [1,∞). (iii) By Lemma 5, the Mellin transform k̆0(−s) = ΨP(1−s) equals
Γ(1− s)EF (X

s). By our assumption that EF (X
s) is finite for all s in a neighbourhood

of −ρ, we know that there exists σ, τ ∈ R such that −ρ ∈ (σ, τ) and for all s ∈ [σ, τ ],

EF (X
s) is finite. Moreover, since ρ > −1 by assumption, −ρ < 1 and therefore we

can choose τ < 1 so that Γ(1− s) is finite for all s ∈ [σ, τ ] (since the Gamma function

is finite over (0,∞)). Thus, k̆0(−s) = Γ(1 − s)EF (X
s) is finite for all s ∈ [σ, τ ]. (iv)

Since ζ̃(t) = 0 for all t < 1, (iv) is equivalent to boundedness of ζ̃ on any interval [1, t]

for t > 1 (because t−σ is bounded on any such interval). By definition of ζ̃, this is in

turn equivalent to boundedness of ζ on every interval of the form [x, x], which is true

by assumption A3.

We can now apply Theorem 4.1.6 from (Bingham et al., 1987, Theorem 4.1.6) to

obtain

(114) (k0
M∗ ζ̃)(θ) ∼θ→∞ k̆0(ρ)ζ̃(θ).

Therefore, given that k̆0(ρ) =
∫∞
0
tρk(t)dt and ζ̃(θ) = ζ

(
G−1

(
1− 1

θ

))
, we have

(115)

∫ x̄

x

ζ(x)hP(x; θ)dx ∼θ→∞ ζ

(
G−1

(
1− 1

θ

))∫ ∞

0

tρk(t)dt.

Using k(t) = −P′
0(t), we have

∫∞
0
tρk(t)dt = −

∫∞
0
ta−1P′

0(t)dt, which yields (41). ■

Proof of Lemma 5

By definition, we have

(116) ΨP(a) = −
∫ ∞

0

ta−1P′
0(t)dt.

From Lemma 3, we obtain

(117) −
∫ ∞

0

ta−1P′
0(t)dt =

∫ ∞

0

ta−1

∫ ∞

0

ue−tudF (u)dt.
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We perform the change of variables v = tu to get∫ ∞

0

ta−1

∫ ∞

0

ue−tudF (u)dt =

∫ ∞

0

(v/u)a−1

∫ ∞

0

e−vdF (u)dv

=

∫ ∞

0

va−1e−vdv

∫ ∞

0

u1−adF (u)

= Γ(a)EF (X
1−a),

which completes the proof. ■

Proof of Corollary 6

First we prove Item 1. Given Proposition 3, it is sufficient to show that

(118) EF (X
γ) =

r−γΓ(r + γ)

Γ(r)
.

When Pn is negative binomial, the mixing distribution F is a gamma distribution. In

particular,

(119) F (x) =
γ(r, rx)

Γ(r)
,

where γ(·, ·) is the Lower Incomplete Gamma function. The pdf f of F is given by

(120) f(x) =
rrxr−1e−rx

Γ(r)
.

Thus,

(121) EF (X
γ) =

∫ ∞

0

rrxr+γ−1e−rx

Γ(r)
dx.
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We perform the change of variables t = rx to yield∫ ∞

0

rrxγ+r−1e−rx

Γ(r)
dx =

∫ ∞

0

rr(t/r)r+γ−1e−t

Γ(r)

1

r
dt

=

∫ ∞

0

r−γtγ+r−1e−t

Γ(r)
dx

=
r−γΓ(r + γ)

Γ(r)
.

To prove Item 2, it is sufficient to show that r−γΓ(r+γ)
Γ(r)

is increasing in r. First we

will show that

(122)
∂

∂r

r−γΓ(r + γ)

Γ(r)
> 0

if and only if

(123) ψ0(r + γ)− ψ0(r) >
γ

r

where ψ0(.) is the digamma function defined by ψ0(x) = Γ′(x)/Γ(x). Indeed, we have

∂

∂r

r−γΓ(r + γ)

Γ(r)
=
r−γΓ(r + γ)Γ(r)(−γr−1 + ψ0(r + γ) + ψ0(r))

Γ(r)2
.

Since Γ(r + γ) > 0 and Γ(r) > 0, this is strictly greater than zero if and only if

(124) −γr−1 + ψ0(r + γ) + ψ0(r) > 0.

This inequality follows from Lemma 7 below. This completes the proof of Item 2.

Item 3 is immediate from the fact that when γ = 0, we have r−γΓ(r+γ)
Γ(r)

= 1. ■

Lemma 7. For any r > 1 and γ ∈ (0, 1), we have

(125) ψ0(r + γ)− ψ0(r) >
γ

r

where ψ0(.) is the digamma function defined by ψ0(x) = Γ′(x)/Γ(x).

Proof. Let r > 1. We want to show that, for any γ ∈ (0, 1), we have

(126)
ψ0(r + γ)− ψ0(r)

γ
> 1/r.
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We know that when γ = 1,

(127)
ψ0(r + γ)− ψ0(r)

γ
= 1/r,

by the recurrence relation for ψ0: for any z, ψ0(z+1) = ψ0(z)+1/z. So, it is sufficient

to show that the function

(128)
ψ0(r + γ)− ψ0(r)

γ

is strictly decreasing in γ over the interval (0, 1). That is, we want to show:

(129)
∂

∂γ

ψ0(r + γ)− ψ0(r)

γ
< 0

for γ ∈ (0, 1). We have:

(130)
∂

∂γ

ψ0(r + γ)− ψ0(r)

γ
=
γψ′

0(r + γ)− ψ0(r + γ) + ψ0(r)

γ2
.

Thus, we want to show:

(131) γψ′
0(r + γ)− ψ0(r + γ) + ψ0(r) < 0,

which is equivalent to:

(132) ψ′
0(r + γ) <

ψ0(r + γ)− ψ0(r)

γ

for γ ∈ (0, 1). This is an intuitive geometric condition. It says that for all γ ∈ (0, 1),

the slope of the line connecting ψ0(r) and ψ0(r+γ) (the secant) is strictly greater than

the derivative of ψ0 at r + γ. But this is immediate from strict concavity of ψ0 over

(0,∞) (see, for example, Alzer and Jameson (2017)). ■
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Proof of Corollary 9

Items 1, 3, 4 were proven in Corollary 6. It only remains to prove Item 2. By the

proof of Corollary 6 Item 2, we have that µP(θ) is increasing in 1/r if and only if

(133) ψ0(r + γ)− ψ0(r) <
γ

r
.

We know that when γ = 0,

(134) ψ0(r + γ)− ψ0(r) =
γ

r
.

So it is sufficient to show that the function

(135)
ψ0(r + γ)− ψ0(r)

γ

is increasing in γ over the interval [−1, 0). That is, we want to show:

(136)
∂

∂γ

ψ0(r + γ)− ψ0(r)

γ
> 0

for γ ∈ [−1, 0). We have:

(137)
∂

∂γ

ψ0(r + γ)− ψ0(r)

γ
=
γψ′

0(r + γ)− ψ0(r + γ) + ψ0(r)

γ2
.

Thus, we want to show:

(138) γψ′
0(r + γ)− ψ0(r + γ) + ψ0(r) > 0,

which is equivalent to:

(139) ψ′
0(r + γ) >

ψ0(r + γ)− ψ0(r)

γ

for γ ∈ [−1, 0) and r > 1. This follows from strict concavity of ψ0 over (0,∞). ■
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