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1 Introduction

What is the effect of competition on prices? Economists traditionally believe that greater1

competition tends to reduce prices, but theory suggests that this is not always the case. In2

early papers by Satterthwaite (1979) and Rosenthal (1980), for example, an increase in the3

number of firms can sometimes lead to an increase in the equilibrium price. More recently,4

Chen and Riordan (2008) shows that greater competition can be price-increasing, i.e. the5

duopoly price can sometimes exceed the monopoly price, while Chen and Savage (2011)6

provides empirical support for this surprising theoretical prediction.7

We study the impact of competition on prices in a random utility model where consumer8

choice is determined by firm-specific i.i.d. utility shocks (Anderson, de Palma, and Thisse,9

1992). Gabaix, Laibson, Li, Li, Resnick, and de Vries (2016) considers a broad class of10

symmetric random utility models (e.g. Perloff and Salop, 1985; Sattinger, 1984; and Hart,11

1985) and uses extreme value theory to examine the impact of competition on prices in large12

markets. The authors prove that, in the limit as the number of firms becomes infinite, the13

elasticity of markups converges to the tail index γ of the distribution of utility shocks (a14

measure of tail fatness). If this distribution has positive tail index γ > 0, competition is15

asymptotically price-increasing.1 While the asymptotic results presented in Gabaix et al.16

(2016) are insightful and elegant, they only apply to large markets.17

This paper examines the behavior of markups in an environment where the number of18

firms competing for any given consumer is finite but random. Different consumers may19

therefore face a different number of competing firms. In particular, we consider a general20

distribution across consumers, Pn, of the number of competing firms n ∈ N.21

We study the impact of expected competition on prices by studying how an increase in22

the expected number of firms affects the expected markup, i.e. the aggregate markup across23

all consumers who make a purchase. In contrast to Gabaix et al. (2016), we are interested in24

the behavior of the average markup across “local” markets that are potentially of any size25

– large, small, or even very small (including local monopoly or duopoly).26

There are three different reasons why we model competition using this approach.27

First, as discussed in Armstrong and Vickers (2022), there are many real-world environ-28

ments in which the exact number of firms a consumer considers for their purchase may vary29

across consumers. For example, suppose a consumer searches for a product or service on30

the internet. There may be a large number of firms that could potentially compete for that31

1If the distribution has negative tail index γ < 0, on the other hand, competition is asymptotically
price-decreasing. If γ = 0, markups are relatively insensitive to changes in the degree of competition as the
number of firms becomes large. See Gabaix et al. (2016) for details.
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particular consumer, but there are also various frictions that may influence the degree of 1

realized competition for that consumer. These frictions may be regarding a firm’s ability to 2

serve the consumer, or the consumer’s ability to find a suitable firm – which may be due to 3

either limited search by the consumer, or limited advertising or “reach” by the firm. One 4

potential result of these frictions is that the effective number of competing firms may vary 5

across consumers. Given this, market analysts and regulators who are examining the overall 6

effect of competition on markups may need to take this into consideration. 7

Second, this approach offers significant advantages compared to the same environment 8

with a deterministic number of firms (which is constant across consumers). First of all, our 9

environment features much greater generality. We can nest the standard setting where the 10

number of firms n ≥ 2 is deterministic as a special case where Pn is degenerate. At the same 11

time, our results are arguably simpler due to the fact that the expected number of firms is 12

a continuous variable, which enables differentiability of key expressions. 13

Third, this approach opens up a range of new results that would not be possible if the 14

number of firms was deterministic. In particular, we find that the behavior of markups 15

depends not only on the distribution of utility shocks but also on the distribution Pn of the 16

number of competing firms. 17

In our environment, firms set prices after observing the realizations of both the number 18

of competing firms and consumers’ utility shocks. That is, firms’ price setting occurs with- 19

out any uncertainty regarding either the number of competitors or consumers’ preferences. 20

Consumers choose whether or not to purchase a single unit of a good, and which good to 21

purchase, after observing both prices and utility shocks. In equilibrium, firms set prices us- 22

ing limit pricing (sometimes referred to as personalized pricing or “Bertrand competition”).2 23

When there are at least two firms, the equilibrium markup (i.e. price minus marginal cost) 24

is equal to the difference between the highest and second-highest utility shock. When there 25

is exactly one firm, the markup is equal to the difference between that firm’s utility shock 26

and the consumer’s outside option. 27

Gabaix et al. (2016) shows that the equilibrium markups for all of the random utility 28

models they consider are asymptotically proportional to the limit pricing markup. For 29

example, in the Perloff and Salop (1985) model, which is similar except that firms set prices 30

before observing the realizations of consumers’ utility shocks, the equilibrium markup is 31

asymptotically proportional to the limit pricing markup. Although these results only hold 32

asymptotically, they suggests a common “limit pricing” logic underlying this class of models. 33

2Whether the term “limit pricing” is correct here is controversial. We bypass this debate and simply
follow Gabaix et al. (2016) in using this phrase to describe this type of pricing.
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There are four main reasons why we choose to focus on limit pricing.1

First, the key results in this paper can be applied to auctions. This is because the2

expected limit pricing markup is identical to the winning bidder’s expected surplus in a3

second-price auction with a random number of bidders. Our results apply more generally to4

any type of auction where the revenue equivalence theorem applies.5

Second, limit pricing is relevant not only for formal auctions. It is arguably better suited6

than the Perloff-Salop model to any environment where prices are individually tailored to7

each consumer. For example, it may be well-suited to environments involving haggling8

and negotiation rather than uniform retail prices. At the same time, it may be a good9

approximation of certain types of customized price-setting for online purchases when firms10

are able to acquire information about consumers’ individual preferences prior to setting11

prices. Given that firms have access to an increasingly large amount of information about12

consumer preferences – for example, through data collection via social media – this type of13

personalized pricing is highly relevant today, as discussed in Rhodes and Zhou (2022).14

Third, this type of pricing is also widely used in the literature on trade and macroeco-15

nomics. For example, Bernard, Eaton, Jensen, and Kortum (2003) incorporates a variant16

of this form of pricing into a model of international trade with imperfect competition and17

heterogeneous firms; a large literature has followed.18

Finally, limit pricing proves to be highly tractable in our environment where the number19

of competing firms is random. We provide a general condition on the distribution Pn which20

enables us to derive a remarkably simple expression for the expected markup µ(θ) as a function21

of the expected number of firms, θ. The simplicity of this expression is related to the fact22

that limit pricing delivers efficient entry of firms in our setting.23

The simple expression we obtain under limit pricing – provided the general condition on24

Pn holds – relates the expected markup µ(θ) to the consumer’s expected utility, M(θ), and25

the expected demand, D(θ). The consumer’s expected utility M(θ) is the expected utility a26

consumer receives from either purchasing a good or taking their outside option. The function27

M(.) is not a standard utility function but instead represents the consumer’s expected utility28

as a function of the expected number of firms θ. The function M(.) also depends on the29

distribution of utility shocks and the value of the consumer’s outside option. The expected30

demand D(θ) is the probability that a given firm successfully sells their good.31

Our expression for the expected markup is remarkably simple: µ(θ) = M ′(θ)/D(θ). That32

is, the expected markup µ(θ) is equal to the marginal contribution M ′(θ) of an additional33

firm to the consumer’s expected utility, divided by the expected demand D(θ). An analogous34

difference equation holds when the number of firms n ≥ 2 is deterministic, but there are35
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some crucial differences in our setting. First, θ ∈ R+ is the expected number of firms, 1

which is continuous (not discrete) and M(.) is differentiable. Second, M(θ) incorporates the 2

consumer’s outside option. Third, we allow the possibility that the number of competing 3

firms is zero, one, two, or more. Finally, in our environment M(θ) depends not only on the 4

distribution of utility shocks, but also on the distribution of the number of competing firms. 5

This simple expression for the expected markup is related to our result that limit pricing 6

delivers the efficient level of firm entry (i.e. the level of entry that maximizes the social 7

surplus minus entry costs) when the distribution Pn satisfies our general condition. When 8

this condition holds, limit pricing ensures that firms’ expected profits equal their marginal 9

contribution to the social surplus, i.e. the difference between the highest and the second- 10

highest utility shock (or the consumer’s outside option, if there is only one firm). When this 11

condition fails, this is not always true. This highlights the fact that efficiency of entry depends 12

not only on the type of pricing but also on the distribution of the number of competing firms 13

– a result which only becomes apparent when the number of firms is stochastic. 14

For any distribution Pn that satisfies our general condition, the connection between the 15

expected markup and expected utility delivers a simple condition under which competition 16

is either price-increasing (µ′(θ) > 0) or price-decreasing (µ′(θ) < 0). In particular, whether 17

or not competition is price-increasing depends on the local curvature of the expected utility 18

function M(.) at θ. This measure of local curvature is rM(θ) = −M ′′(θ)θ/M ′(θ), which is 19

the elasticity of M ′(.) at θ. Competition is price-increasing if and only if the local curvature 20

rM(θ) is strictly less than εD(θ), the elasticity of expected demand with respect to θ. 21

Intuitively, as the number of firms rises, the marginal increase M ′(θ) in the consumer’s 22

expected utility decreases becauseM(.) is concave andM ′′(θ) < 0. But if the rate of decrease 23

in M ′(θ) is sufficiently low, i.e. if M(.) is not too concave relative to the demand elasticity, 24

then competition is price-increasing and µ′(θ) > 0. Importantly, this is a local condition. 25

Whether or not it holds depends not only on the properties of the distribution of utility 26

shocks and the value of the consumer’s outside option, but also on the expected number of 27

firms θ. In addition, it depends on the distribution Pn of the number of competing firms. 28

Outline. Section 2 discusses the related literature. Section 3 presents the model. Section 29

4 derives some preliminary results. Section 5 presents our lead example, the Poisson distri- 30

bution. Sections 6 and 7 contain our main results. Section 8 discusses the application of 31

our results to auctions. Section 9 contains our asymptotic results. Section 10 presents some 32

examples. The Appendix contains all proofs not found in the main text. 33
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2 Related literature1

This paper builds on an existing literature that considers the possibility of price-increasing2

competition, starting with the classic early papers of Satterthwaite (1979) and Rosenthal3

(1980), both of which describe environments in which an increase in the number of firms4

can lead to an increase in prices.3 More recently, Chen and Riordan (2008) shows that, in5

an environment featuring perfect information and pure strategies, the symmetric duopoly6

price is higher than the single-product monopoly price when consumers’ utility shocks are7

independent and the distribution has a decreasing hazard rate. Although our approach is8

different, our results are complementary to those found in Chen and Riordan (2008).9

This paper is also complementary to Chen and Riordan (2007). The authors prove that10

an increase in the number of firms can lead to higher equilibrium prices in the spokes model of11

nonlocalized spatial competition. Part of the reason why competition may be price-increasing12

in Chen and Riordan (2007) is that firms can sell to consumers in different submarkets –13

some of which are (effectively) duopolistic and some of which are (effectively) monopolistic.14

A higher number of firms increases the proportion of submarkets that are duopolistic, which15

can affect the overall demand elasticity. As a result, the equilibrium price can be higher16

under certain conditions. In our environment, firms sell in a single market where they may17

be either one firm, two firms, or more than two firms competing for the consumer. In our18

setting, however, this is because the number of competing firms is random.19

The distribution Pn of the number of competing firms, which is central in our paper, is20

related to similar distributions that appear in some recent papers: the distribution of the21

price count (i.e. the number of firms from which a consumer obtains a quote) in Bergemann,22

Brooks, and Morris (2021), and the distribution of the number of firms in consumers’ consid-23

eration sets (i.e. the set of firms a consumer considers for their purchase) in Armstrong and24

Vickers (2022). In both papers, goods are homogeneous and consumers purchase from the25

firm offering the lowest price, whereas in our environment consumers receive random utility26

shocks, firms set prices after observing both the shocks and the number of competitors, and27

consumers purchase from the firm that maximizes their net utility.28

As discussed, this paper is closely related to Gabaix et al. (2016), although our motivation29

and focus are different. Our approach is complementary because in our environment the30

number of competing firms is finite but random. Whereas Gabaix et al. (2016) shows that31

the tail index γ of the distribution of utility shocks is key to understanding the impact32

3In Satterthwaite (1979), the environment features imperfect consumer information, whereas in Rosenthal
(1989) the result is obtained using mixed-strategy pricing.
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of competition on prices, we prove that it is the local curvature of the consumer’s expected 1

utility, as measured by rM(θ) = −M ′′(θ)θ/M ′(θ), that is key in our setting. Importantly, this 2

depends not only on the distribution of utility shocks, but also on the value of the consumer’s 3

outside option, the expected number of firms, and the distribution of the number of firms. 4

This paper is also related to Weyl and Fabinger (2013) and Quint (2014). Both papers 5

focus on different questions, but point out that the comparative statics of pricing behavior 6

depends on log-concavity of the demand function. Weyl and Fabinger (2013) and Quint 7

(2014) examine different environments, but both papers highlight the fact that greater com- 8

petition decreases markups if the density of the distribution of utility shocks is log-concave, 9

but increases markups if this density is log-convex.4 Our results are different for three main 10

reasons. First, log-concavity or log-convexity is a global criterion: markups are either in- 11

creasing or decreasing for all n ≥ 2. By contrast, our criterion for markups to be increasing 12

(decreasing) is local because it depends on the expected number of firms θ (in addition to 13

the distribution of utility shocks). Second, our criterion also depends on the distribution Pn 14

of the number of competing firms. Third, we do not restrict attention to cases where there 15

are two or more competing firms. This means that local monopoly (i.e. only one competing 16

firm) is a possible outcome. As a result, the consumer’s outside option is also important. 17

For example, consider a Pareto distribution of utility shocks (which has a log-convex 18

density). The deterministic expected markup is strictly increasing in the number of firms; 19

however, in general, greater competition is not always price-increasing. For both our Poisson 20

and geometric examples, the expected markup varies non-monotonically with the expected 21

number of firms when the consumer’s outside option is below the minimum utility shock. At 22

first, when the expected number of firms is relatively low, competition is price-decreasing. 23

Later, when the expected number of firms is sufficiently high, competition is price-increasing. 24

Importantly, we find that the distribution of the number of competing firms can affect both 25

the number of firms at which competition switches from being price-decreasing to price- 26

increasing and the rate of convergence of the markup elasticity to its asymptotic value. 27

While our results apply to more general distributions of the number of competing firms, 28

our lead example of the Poisson distribution is related to Platt (2017), which simplifies and 29

extends limit results in an auction environment to finitely many bidders by assuming the 30

number of bidders is Poisson distributed. This assumption is common in both the theoretical 31

literature on large auction markets, such as Satterthwaite and Shneyerov (2007), and the 32

empirical literature involving estimation of auctions with a stochastic number of bidders, 33

4In an earlier paper, Anderson, De Palma, and Nesterov (1995) consider the Perloff-Salop model and
show that a sufficient condition for markups to be weakly decreasing in the number of firms is log-concavity.
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such as Coey, Larsen, and Platt (2020). Our paper is also related to the empirical search1

cost literature, including Allen, Clark, and Houde (2019) and Salz (2022), in which the2

number of competing firms varies across consumers due to the presence of search frictions.53

Some of the techniques used in our paper are also closely related to the competing auctions4

literature. In competing auctions, a large number of sellers compete to attract buyers by5

posting auctions with reserve prices (Peters and Severinov, 1997).6 Our result that limit6

pricing delivers an efficient level of firm entry mirrors the well-known result that buyer entry7

is constrained efficient in competing auctions environments where sellers’ reserve prices are8

equal to their own valuations (Peters and Severinov, 1997; Albrecht et al., 2012). While9

most of the competing auctions literature focuses on the Poisson distribution, Eeckhout and10

Kircher (2010) and Lester et al. (2015) consider more general meeting technologies.11

3 Model12

Consider a single product market with a single consumer. The number of competing firms13

n ∈ N = {0, 1, 2, ...} is random. The expected number of competing firms is E(n) = θ ∈ Θ14

where Θ ⊆ (0,∞). For now, we take the expected number of firms θ to be exogenous in15

order to focus our attention on the effect on markups of varying θ.716

For any n ∈ N, let Pn(θ) denote the probability that there are n firms competing for a17

consumer. We have Pn : Θ → [0, 1] and
∑

Pn(θ) = 1, and we assume
∑

nPn(θ) = θ and18 ∑
n2Pn(θ) < ∞, which implies finite variance.19

While we focus on a single consumer for our exposition, the distribution Pn can also be20

interpreted as the distribution across consumers when there is a continuum of consumers.21

Under this interpretation, Pn(θ) is the proportion of consumers facing n competing firms.22

It is sometimes useful to consider the distribution Pn from the perspective of firms. For23

any n ∈ N\{0}, let Qn(θ) denote the probability that a firm faces n − 1 competitors. We24

have Qn : Θ → [0, 1] and
∑

1Qn(θ) = 1.8 The distribution Qn is implied by the distribution25

5In Allen et al. (2019), which studies the Canadian mortgage market, searching consumers run an auction
between their home firm and rival firms. In Salz (2022), which studies the trade waste industry in New
York city, the firm’s problem (in the search market) is effectively equivalent to a first-price auction with an
unknown number of bidders.

6More recent papers using competing auctions include Albrecht, Gautier, and Vroman (2012, 2014), Kim
and Kircher (2015), Lester, Visschers, and Wolthoff (2015) and Mangin (2017).

7In Section 6.1, we endogenize the expected number of firms θ.
8For notational simplicity, we let

∑
an denote the summation

∑∞
n=0 an, and we let

∑
k an denote the

summation
∑∞

n=k an (whenever there is no possibility of confusion).
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Pn, which is exogenous. A useful identity, which allows us to determine Qn from Pn, is 1

(1) θQn(θ) = nPn(θ).

This identity must hold for all n ∈ N to ensure the distributions Pn and Qn are consistent. 2

For discussion of this identity, see Eeckhout and Kircher (2010) and Lester et al. (2015).9 3

Firms are ex ante identical. Each firm can produce one unit of the good at marginal 4

cost c ≥ 0. After the number of competing firms n is realized, the consumer draws an i.i.d. 5

utility shock xi for each firm i ∈ {1, 2, ..., n} from an exogenous distribution with cdf G. 6

The following assumption is maintained throughout the paper. 7

Assumption A1. The distribution of utility shocks has a continuous, twice-differentiable 8

cdf G with pdf g = G′ > 0, support [x0, x) ⊆ R+ where x ∈ R+ ∪ {+∞}, and a finite mean. 9

To keep the environment as general as possible, we allow the possibility that the consumer 10

can obtain the good elsewhere at cost c and receive utility z ∈ [0, x0]. In this case, the 11

consumer receives net utility z − c. We refer to this possibility as the consumer’s outside 12

option. We assume the consumer always chooses to purchase the good when indifferent. 13

Firms set prices simultaneously, after observing both the consumer’s firm-specific utility 14

shocks xi for each firm i ∈ {1, 2, ..., n} and the number of competing firms. After observing 15

prices, the consumer decides whether to purchase one unit of the good and, if he chooses to 16

purchase, selects the firm i that maximizes his net utility, xi − pi . Profits for the successful 17

firm i are given by the markup, which is defined as µi ≡ pi − c. 18

Timing of events: 19

1. Number of competing firms n is realized 20

2. Random utility shocks xi are realized 21

3. Firms observe shocks 22

4. Firms set prices simultaneously 23

5. Consumer observes prices 24

6. Consumer makes purchase decision 25

7. Production takes place 26

8. Firm profits are realized 27

9To understand the intuition behind this identity, consider a continuum of consumers of measure L and
a continuum of firms of measure V . Suppose the expected number of firms competing for a consumer is
θ = V/L. The total number of firms which have n − 1 competitors, V Qn(θ), must be equal to n times the
total number of consumers who face n competing firms, LPn(θ). This implies identity (1) for all n ∈ N.
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4 Equilibrium1

In this section, we present the equilibrium expected markup, the expected demand for a2

single firm’s product, and the consumer’s expected utility.3

4.1 Equilibrium markup4

Suppose that the realizations of both the number of competing firms n and the consumer’s5

utility shocks are known by all agents. Define Mn ≡ max{x1, ..., xn}, the highest utility6

shock, and let Sn denote the second-highest utility shock.7

Markup. When there are n ≥ 2 firms, the one with the highest shock sets a price equal8

to p = Mn −Sn + c, which gives the consumer net utility Mn − p = Sn − c. That is, the firm9

sets a price which is just low enough to keep the second-best firm out of competition for the10

consumer. In equilibrium, the consumer chooses to purchase the good (because Sn ≥ x0 ≥ z),11

and he purchases from the firm with the highest utility shock. The equilibrium markup is12

equal to the difference between the highest and second-highest shocks, µ = Mn − Sn.13

When there is exactly one firm, the firm sets a price p = x1 − z + c, which gives the14

consumer net utility x1 − p = z− c. That is, the firm sets a price that ensures the consumer15

is indifferent between purchasing the good and their outside option, which gives net utility16

z − c. In equilibrium, the consumer purchases from the firm and the markup is µ = x1 − z.17

Without loss of generality, we normalize c = 0 throughout the remainder of the paper.18

Expected markup µn. We first calculate the expected markup µn given that there are19

n competing firms. Importantly, our setting allows for the possibility that there may be20

either no firms, one firm, two firms, or more than two firms competing.21

When there is exactly one firm competing for a consumer, we call this a “local monopoly”.22

In this case, the the consumer’s outside option z is important and the expected markup is23

(2) µ1 = EG(x)− z.

Given a fixed number n ≥ 2 of firms, the expected markup is equal to the expected24

value of the difference between the first and second order statistic, i.e. E(Mn − Sn). It is25

9



straightforward to verify that the following holds.10 1

(3) E(Mn − Sn) = nE(Mn −Mn−1)

Next, using integration by parts yields11 2

(4) E(Mn − Sn) =

∫
nG(x)n−1(1−G(x))dx.

Therefore, when there are two or more firms, the expected markup given n firms is12 3

(5) µn =

∫
nG(x)n−1(1−G(x))dx.

Expected markup µ(θ). We now calculate the ex ante expected markup µ(θ), i.e. the 4

aggregate markup across consumers, given that the number of competing firms n is stochastic 5

and n ∼ Pn(θ), where θ is the expected number of firms. In particular, we define µ(θ) as the 6

expected markup conditional on at least one firm, i.e. n ≥ 1, which is given by 7

(6) µ(θ) =

∑
1 Pn(θ)µn

1− P0(θ)
.

Lemma 1 follows directly from the above expressions. 8

Lemma 1. For any θ ∈ Θ, the equilibrium expected markup is 9

(7) µ(θ) =

∑
1 Pn(θ)

∫
nG(x)n−1(1−G(x))dx+ P1(θ) (x0 − z)

1− P0(θ)
.

It is unclear from examining (7) whether µ(θ) is increasing or decreasing in the expected 10

number of firms, or degree of competition. That is, it is unclear whether competition is 11

price-increasing (µ′(θ) > 0) or price-decreasing (µ′(θ) < 0). In Section 6, however, we will 12

derive a simple expression for the expected markup which delivers a precise condition under 13

which competition is either price-increasing or price-decreasing. 14

Before presenting our main results, we first derive their necessary components. 15

10Note E(Mn) =
∫
xdHn(x) where Hn(x) = G(x)n, the cdf of the first order statistic, and E(Sn) =∫

xdH2
n(x) where H2

n(x) = G(x)n + nG(x)n−1(1−G(x)), the cdf of the second order statistic.
11To simplify notation throughout the paper, we use

∫
to denote

∫ x̄

x0
whenever no confusion is possible.

12Observe that this is equivalent to the well-known expression, E(Mn − Sn) = EHn

(
1−G(x)
g(x)

)
.
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4.2 Expected demand1

Let D(θ) denote the expected demand faced by single firm, i.e. the probability of a sale.2

The following lemma gives us a general expression for the expected demand D(θ).3

Lemma 2. For any θ ∈ Θ, the expected demand is given by4

(8) D(θ) =
1− P0(θ)

θ
.

Proof. For a fixed number of firms n ≥ 1, the expected demand Dn for a single firm’s5

product in equilibrium is Dn =
∫
g(x)G(x)n−1dx, which is equal to 1/n.13 Here, Dn is equal6

to the probability, G(x)n−1, that the firm’s utility shock x is higher than that of all n−1 other7

firms, weighted by the pdf g(x). The expected demand if n ∼ Pn(θ) is D(θ) =
∑

1Qn(θ)Dn.8

Using the identity θQn(θ) = nPn(θ), plus Dn = 1/n, yields D(θ) = 1
θ

∑
1 Pn(θ). ■9

4.3 Consumer’s expected utility10

We now derive expressions for the distribution of the consumer’s utility and the expected11

value of this distribution, which we call the consumer’s expected utility. When there is at12

least one firm, the consumer’s utility equals the highest utility shock x among n draws when13

n ∼ Pn(θ). When there are no firms, the consumer receives utility z, their outside option.14

Let Hn(.) denote the cdf of the distribution of the maximum of n draws from G(x), i.e.15

Hn(x) = G(x)n. The cdf of the distribution of the consumer’s utility when n ∼ Pn(θ) is16

denoted by H(.; θ), which is given by:17

(9) H(x; θ) =

{ ∑
Pn(θ)G(x)n if x ∈ [z, x)

0 if x ∈ [0, z)

The distribution H(.; θ) has support [x0, x) ∪ {z}. If P0(θ) > 0, it features a mass point at18

z because with probability P0(θ) there are no firms competing for the consumer and their19

utility equals their outside option z.20

Let M(θ) denote the expected utility of the consumer, i.e. M(θ) ≡ EH(x).21

Lemma 3. For any θ ∈ Θ, the consumer’s expected utility is22

(10) M(θ) =

∫
xh(x; θ)dx+ P0(θ)z.

13Note that this expression is equivalent to the expression for the expected market share in symmetric
equilibrium found in equation (10) of Perloff and Salop (1985).
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Proof. Starting with (9) and the fact that M(θ) ≡ EH(x), we obtain (10), where h(.; θ) 1

is the pdf given by h(x; θ) = d
dx

∑
Pn(θ)G(x)n for x ∈ [x0, x). ■ 2

5 Lead example: Poisson distribution 3

In this section, we discuss our lead example for the distribution Pn of the number of 4

competing firms. To enable direct comparison, we first discuss a standard environment 5

where the number of competing firms is deterministic (and constant across consumers). 6

5.1 Example: deterministic number of firms 7

Consider a standard environment where the number n of competing firms is deterministic. 8

This can be nested as a special case of our general framework which allows n to be random. 9

Let θ ∈ N where θ ≥ 2. Suppose that Pn(θ) = 1 if n = θ and Pn(θ) = 0 otherwise. For any 10

n ∈ N, we have Pn : Θ → [0, 1] where Θ = {2, 3, 4, ...} and
∑

Pn(θ) = 1 where E(n) = θ. 11

For any θ ∈ Θ, Lemma 1 implies the equilibrium expected markup is 12

(11) µ(θ) =

∫
θG(x)θ−1(1−G(x))dx

and Lemma 2 implies the expected demand is given by 13

(12) D(θ) =
1

θ
.

We have H(x; θ) = G(x)θ and Lemma 3 implies the consumer’s expected utility is 14

(13) M(θ) =

∫
θG(x)θ−1xg(x)dx.

To understand better this expression for the expected markup, (3) implies that14 15

(14) µ(θ) =
M(θ)−M(θ − 1)

D(θ)
.

This equation is intuitive: it says the expected markup µ(θ) is equal to the marginal 16

contribution, M(θ) − M(θ − 1), of an additional firm to the consumer’s expected utility, 17

divided by the expected demand D(θ). We might wonder, does this intuitive expression 18

generalize to settings in which the number of competing firms is random? 19

14I thank an anonymous referee for pointing out this difference equation for the deterministic example.
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5.2 Example: Poisson distribution1

We now consider our lead example for the distribution Pn of the number of competing2

firms. Specifically, assume that the distribution Pn is Poisson.15 For any n ∈ N, the probabil-3

ity there are n competing firms is Pn(θ) =
θne−θ

n!
. We have Pn : Θ → [0, 1] where Θ = (0,∞),4

and
∑

Pn(θ) = 1 where E(n) = θ. Lemmas 1, 2, and 3 all apply.5

Expected markup. Substituting Pn(θ) =
θne−θ

n!
into (7) from Lemma 1 yields166

(15) µ(θ) =

∫
θe−θ(1−G(x))(1−G(x))dx+ θe−θ(x0 − z)

1− e−θ
.

Expected demand. Starting with P0(θ) = e−θ and using (8) from Lemma 2, we have7

(16) D(θ) =
1− e−θ

θ
.

Consumer’s expected utility. First, by substituting in Pn(θ) =
θne−θ

n!
, we obtain8

(17)
∑

Pn(θ)G(x)n = e−θ(1−G(x)).

Starting with (10) and using (17), plus h(x; θ) = d
dx

∑
Pn(θ)G(x)n for x ∈ [x0, x),9

(18) M(θ) =

∫
θe−θ(1−G(x))xg(x)dx+ e−θz.

Next, applying Leibniz’ integral rule and using integration by parts, we obtain10

(19) M ′(θ) =

∫
e−θ(1−G(x))(1−G(x))dx+ e−θ(x0 − z).

Simple expression for expected markup. For this example, we can obtain a simple11

expression that relates the expected markup µ(θ) to the consumer’s expected utility M (θ)12

and the expected demand D(θ). Dividing expression (19) for M ′(θ) by expression (16) for13

expected demand, we obtain expression (15) for the expected markup. Therefore, we have14

(20) µ(θ) =
M ′(θ)

D(θ)
.

15With free entry of firms, the Poisson distribution could be endogenized, e.g. by considering mixed
strategies of potential entrants and then taking the limit as the number of potential entrants becomes large.

16Here we use the fact that
∑∞

n=1
(θG(x))n−1

(n−1)! =
∑∞

n=0
(θG(x))n

n! = eθG(x).
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Expression (20) says that the expected markup µ(θ), which is the expected value of the 1

difference between the highest and second-highest utility shock, is equal to the marginal 2

contribution M ′(θ) of an increase in the expected number of firms θ to the consumer’s 3

expected utility, divided by the expected demand. 4

This expression is a direct analogy of expression (14), which holds in the standard envi- 5

ronment where the number of firms n is deterministic (and greater than or equal to two). 6

Importantly, however, there are some crucial differences. 7

First, θ ∈ R+ is the expected number of firms, which is continuous (not discrete) and 8

M(.) is differentiable. Second, M(θ) incorporates the consumer’s outside option. Third, we 9

allow the possibility that the number of competing firms is zero, one, two, or more. Finally, 10

M(θ) depends not only on the distribution of utility shocks, but also on the distribution of 11

the number of competing firms. Given this, we might wonder, does expression (20) hold only 12

for the Poisson distribution, or does it hold more generally? 13

6 Simple expression for expected markup 14

In this section, we present a general condition on the distribution Pn which ensures that 15

the simple expression (20) for the expected markup holds more generally. This condition 16

is, in fact, equivalent to a very natural condition called invariance in Lester et al. (2015). 17

In Appendix A, we provide an intuitive description of invariance and we prove that this 18

property is equivalent to condition (21) in Assumption A2. 19

Assumption A2. The distribution Pn is twice-differentiable and it satisfies: 20

(21) −θP ′
n(θ) = (n+ 1)Pn+1(θ)− nPn(θ)

or, equivalently, 21

(22) −P ′
n(θ) = Qn+1(θ)−Qn(θ)

for all n ∈ N such that Pn(θ) > 0 and all θ ∈ Θ. 22

Notice that the equivalence of (21) and (22) follows from the identity θQn(θ) = nPn(θ). 23

Examples. It is straightforward to verify that the Poisson distribution satisfies A2. 24

More generally, this condition holds for a broader class of distributions. In Appendix A, we 25

show that any distribution in the negative binomial family of distributions satisfies A2. In 26
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particular, this family includes the geometric distribution as a special case and the Poisson1

distribution as a limiting case. The binomial distribution also satisfies A2. In fact, the2

entire family of mixed Poisson distributions satisfies A2.173

Proposition 1. If Pn satisfies A2, the expected markup is given by4

(23) µ(θ) =
M ′(θ)

D(θ)
.

Proof. Combining Lemma 1 and Lemma 2 yields5

(24) µ(θ) =
1
θ

∑
1 Pn(θ)

∫
nG(x)n−1(1−G(x))dx+ P1(θ)

θ
(x0 − z)

D(θ)
.

Using the identity θQn(θ) = nPn(θ) and rearranging, this is equivalent to6

(25) µ(θ) =

∫ ∑
1Qn(θ)G(x)n−1(1−G(x))dx+ P1(θ)

θ
(x0 − z)

D(θ)
.

If Pn satisfies A2, Lemma L3 in Appendix A says that7

(26) M ′(θ) = −
∫ ∑

P ′
n(θ)G(x)ndx− P ′

0(θ)(x0 − z).

Also, if Pn satisfies A2 then −θP ′
0(θ) = P1(θ). So, µ(θ) = M ′(θ)/D(θ) if and only if8

(27) −
∫ ∑

P ′
n(θ)G(x)ndx =

∫ ∑
1
Qn(θ)G(x)n−1(1−G(x))dx.

Rearranging the right hand side, using the fact that Q0(θ) = 0, this is equivalent to9

(28) −
∫ ∑

P ′
n(θ)G(x)ndx =

∫ ∑
(Qn+1(θ)−Qn(θ))G(x)ndx.

If Pn satisfies A2, condition (22) implies (28) and thus (23) is proven. ■10

To understand the intuition behind our result better, suppose that x0 = z. A necessary11

and sufficient condition for Proposition 1 is given by (27). The left side of (27) can be12

rewritten as d
dθ

∑
Pn(θ)E(Mn) using Lemma L3 in Appendix A, and the right side of (27)13

17A mixed Poisson distribution is a Poisson distribution Pn(λ) with parameter λ, where λ is itself a positive
random variable. It can be shown that any mixed Poisson distribution has a representation that satisfies
invariance (as defined in Appendix A) and it therefore satisfies A2.
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can be rewritten as
∑

1Qn(θ)E(Mn −Mn−1) using (3) and (4). 1

(29)
d

dθ

∑
Pn(θ)E(Mn) =

∑
1
Qn(θ)E(Mn −Mn−1)

This form is more intuitive. The left term of (29) is the marginal increase in M(θ) from the 2

consumer’s perspective, and the right term is the expected value of the difference Mn−Mn−1 3

from the firms’ perspective. By (3), the right term of (29) is equal to the average difference 4

between the highest and second-highest utility shock (divided by the number of competing 5

firms), which is what firms expect to be paid under limit pricing. 6

When the number of firms is deterministic, i.e. the distribution Pn is degenerate, the 7

left sum in (29) is not differentiable. However, the discrete analogue of the left term is the 8

difference, M(θ)−M(θ − 1), which is always equal to the right term of (29). 9

When the number of competing firms is random, the average difference Mn−Mn−1 is not 10

necessarily equal to the marginal increase in M(θ). To see this, condition (29) is equivalent 11

to (27), which is equivalent to (28). Clearly, condition (28) holds if Pn satisfies Assumption 12

A2, but it may or may not hold for arbitrary distributions Pn. 13

Another way to understand the intuition behind the simple expression presented in Propo- 14

sition 1 is to think about this result in terms of firms’ expected profits. Let Π(θ) denote the 15

ex ante expected payoff for an entering firm. Lemma 4 provides an expression for Π(θ).18 16

Lemma 4. The ex ante expected payoff for a firm is equal to 17

(30) Π(θ) = D(θ)µ(θ)

where D(θ) is expected demand and µ(θ) is the expected markup. 18

Proof. The expected payoff for a firm is given by Π(θ) =
∑

1Qn(θ)Dnµn. Substituting 19

in the identity θQn(θ) = nPn(θ) and using Dn = 1/n, we obtain Π(θ) = 1
θ

∑
1 Pn(θ)µn. 20

Finally, using expression (6) and (8) yields (30). ■ 21

Corollary 1 follows immediately from Proposition 1 and Lemma 4. 22

Corollary 1. If Pn satisfies A2, we have Π(θ) = M ′(θ). 23

Corollary 1 says that, if the distribution Pn satisfies A2, then firms’ expected payoff 24

Π(θ) is equal to the marginal increase M ′(θ) in the consumer’s expected utility that results 25

18Note: this does not say E(Dn)E(µn) = E(Dnµn) since D(θ) is the expected demand from a firm’s
perspective, but µ(θ) is the expected markup from the consumer’s perspective (conditional on n ≥ 1).
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from an increase in the expected number of firms. This is the key to understanding the1

simple expression (23) in Proposition 1 and it is closely related to the question of whether2

the expected number of competing firms would be efficient if there was entry of firms.3

6.1 Efficient entry of firms4

Suppose the expected number of firms θ is not exogenous but is instead determined by5

a zero profit condition. If firms pay an entry cost k > 0, the zero profit condition says that6

any equilibrium θ∗ ∈ Θ satisfies Π(θ) = k. We can interpret k as representing any fixed costs7

related to entry as a firm (in contrast to c, the marginal cost of producing one unit).8

Suppose also that a social planner were to choose the expected number of firms θP that9

maximizes the expected social surplus minus entry costs, Ω(θ) ≡ M(θ) − c − kθ. The10

first-order condition for the planner’s problem says that any θP ∈ Θ satisfies M ′(θ) = k.1911

In this section, we ask the following questions. Under which conditions does there exist12

a unique equilibrium θ∗ and a unique social planner’s solution θP ? Under which conditions13

is firm entry efficient under limit pricing, i.e. θP = θ∗?14

First, we describe an additional assumption which ensures the function M(.) has the15

properties in Lemma 5. The negative binomial family of distributions satisfies A3.2016

Assumption A3. For any θ ∈ Θ = (0,∞) and y ∈ [0, 1), the distribution Pn satisfies17

1. d
dθ

∑
Pn(θ)y

n < 0 and d2

dθ2

∑
Pn(θ)y

n > 0;18

2. limθ→∞
d
dθ

∑
Pn(θ)y

n = 0 and limθ→0Q1(θ) = 1.19

Lemma 5. If Pn satisfies A2 and A3, then M(.) has the following properties:20

1. For any θ ∈ Θ, we have M ′(θ) > 0 and M ′′(θ) < 0.21

2. We have limθ→0M
′(θ) = EG(x)− z and limθ→∞M ′(θ) = 0.22

Proposition 2 provides sufficient conditions under which there exists a unique equilibrium23

θ∗ and a unique social planner’s solution θP , and firm entry is efficient under limit pricing.24

Proposition 2. With free entry of firms, if Pn satisfies A2 and A3, then if k < EG(x)− z,25

19For simplicity, we are considering a single consumer and the expected number of firms θ. However, we
could consider an environment with a large number of consumers L and then determine the equilibrium
number of entering firms V . The expected number of firms per consumer would then be θ ≡ V/L. The
equilibrium θ∗ and the planner’s choice θP would be exactly the same as here.

20Note that for y = 0, A3 implies P ′
0(θ) < 0, P ′′

0 (θ) > 0, and limθ→∞ P ′
0(θ) = 0 using 00 = 1.
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1. There exists a unique equilibrium expected number of firms θ∗ ∈ Θ. 1

2. There exists a unique socially optimal θP ∈ Θ. 2

3. Firm entry is efficient under limit pricing: θP = θ∗. 3

Proof. With free entry of firms, the zero profit condition says Π(θ) = k, which is 4

equivalent to M ′(θ) = k if Pn satisfies A2 by Corollary 1. If A3 holds, we have M ′′(θ) < 0 5

by Lemma 5. Also, Lemma 5 says that limθ→0M
′(θ) = EG(x)−z and limθ→∞ M ′(θ) = 0 if Pn 6

satisfies A3. Therefore, there exists a unique solution θ∗ ∈ Θ provided that k < EG(x)−z.21 7

The first-order condition for the planner’s problem says that the planner’s choice θP ∈ Θ 8

satisfies the same equation, M ′(θ) = k. Therefore, if A3 holds, there exists a unique solution 9

θP ∈ Θ if k < EG(x)− z. Clearly, θ∗ = θP . ■ 10

In the next section, we exploit the simplicity of the expression in Proposition 1 to derive 11

a condition that is both necessary and sufficient for competition to be price-increasing. 12

7 When is competition price-increasing? 13

In this section, we use the simple expression for the expected markup in Proposition 1 to 14

obtain a simple expression for the markup elasticity. This delivers a general condition under 15

which competition is price-increasing. We show that the local curvature of the consumer’s 16

expected utility M(θ) is key to understanding the impact of expected competition on prices. 17

Before presenting Proposition 3, we provide some preliminary definitions. The demand 18

elasticity εD(θ) is the elasticity of the “demand” functionD(.), given by εD(θ) ≡ −D′(θ)θ
D(θ)

. The 19

markup elasticity εµ(θ) is the elasticity of the expected markup µ(.), defined by εµ(θ) ≡ µ′(θ)θ
µ(θ)

. 20

Proposition 3 also features a measure of the local curvature, or degree of concavity, of 21

the function M(.). This measure of curvature is defined as follows: 22

(31) rM(θ) ≡ −M ′′(θ)θ

M ′(θ)
.

Formally, this is essentially the Arrow-Pratt coefficient of relative risk aversion of the function 23

M(.) at θ. However, it is important to remember that M(.) is a function of the expected 24

number of firms θ, not a standard utility function. We therefore refer to rM(θ) as the 25

elasticity of marginal utility because it is equal to the elasticity of M ′(.) at θ. 26

21Anderson et al. (1995) consider the Perloff-Salop model and show that log-concavity is a sufficient con-
dition for the existence of equilibrium when there is free entry of firms. In our environment, this assumption
is not required because Π′(θ) = M ′′(θ) < 0, even in cases where the expected markup is increasing in θ.
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Proposition 3 presents a general condition – in terms of the demand elasticity εD(θ) and1

the elasticity of marginal utility rM(θ) – under which competition is price-increasing.2

Proposition 3. If Pn satisfies A2, the markup elasticity is3

(32) εµ(θ) = εD(θ)− rM(θ)

for any θ ∈ Θ. The expected markup µ(θ) is strictly increasing in the expected number of4

firms, i.e. µ′(θ) > 0, and competition is price-increasing at θ ∈ Θ, if and only if5

(33) rM(θ) < εD(θ).

Proof. If Pn satisfies A2, µ(θ) = M ′(θ)/D(θ) by Proposition 1. The elasticity of µ(θ)6

equals the elasticity of the numerator M ′(θ) minus the elasticity of the denominator D(θ),7

(34) εµ(θ) =
M ′′(θ)θ

M ′(θ)
− D′(θ)θ

D(θ)
.

Therefore, εµ(θ) = −rM(θ)+ εD(θ) and we have µ′(θ) > 0 if and only if rM(θ) < εD(θ). ■8

The intuition behind this result can be explained in the following way. As the expected9

number of firms rises, the expected value of consumer’s utility M(θ) increases. However, the10

marginal increase M ′(θ) in the expected value M(θ) is decreasing in θ whenever M ′′(θ) < 0.11

If the rate of decrease in M ′(θ) is sufficiently low, i.e. if M ′′(θ) is not too negative and rM(θ)12

is not too high relative to the demand elasticity εD(θ) (i.e. M(.) is not too concave), then13

greater competition is price-increasing, i.e. µ′(θ) > 0.14

This condition differs from existing results in Weyl and Fabinger (2013) and Quint (2014)15

that imply competition is price-decreasing when the distribution of utility shocks is log-16

concave. Importantly, our criterion is local, not global. Whether or not condition (33)17

holds depends crucially on the local curvature of the consumer’s expected utility M(θ) at a18

particular value of θ. This depends not only on the properties of the distribution of utility19

shocks G, but also on the expected number of firms θ, the value of the consumer’s outside20

option z, and the distribution of the number of competing firms Pn. Given that (33) is a21

local condition, markups can vary non-monotonically with the expected number of firms.22

7.1 Consumer surplus23

We know that competition is price-increasing whenever condition (33) holds, but the24

effect on consumer surplus is unclear. To examine this question, we define the consumer25
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surplus by ∆(θ) ≡ M(θ) − (1 − P0(θ))µ(θ). That is, we measure consumer surplus as the 1

consumer’s expected utility M(θ) minus the expected payment by the consumer (i.e. the 2

probability that a consumer purchases the good from a firm, 1 − P0(θ), multiplied by the 3

expected markup). We define the consumer surplus share by ∆s(θ) ≡ ∆(θ)/M(θ). 4

Proposition 4 presents a simple expression for both the consumer surplus and the con- 5

sumer surplus share in terms of the function M(.) when the distribution Pn satisfies A2. 6

Before stating our result, we define the elasticity of M(.) by ηM(θ) ≡ M ′(θ)θ
M(θ)

. 7

Proposition 4. If Pn satisfies A2, the consumer surplus is given by 8

(35) ∆(θ) = M(θ)− θM ′(θ)

and the consumer surplus share is given by 9

(36) ∆s(θ) = 1− ηM(θ).

If Pn satisfies A2 and A3, the consumer surplus is strictly increasing in the expected number 10

of firms, i.e. ∆′(θ) > 0 for any θ ∈ Θ. 11

Proof. Starting with ∆(θ) ≡ M(θ)−(1−P0(θ))µ(θ), we can use µ(θ) = M ′(θ)/D(θ) from 12

Proposition 1 if A2 holds, and the fact that D(θ) = (1−P0(θ))/θ from Lemma 2, to obtain 13

(35). Dividing (35) by M(θ) yields (36). Next, differentiating (35) yields ∆′(θ) = −θM ′′(θ), 14

so ∆′(θ) > 0 if M ′′(θ) < 0. Applying Lemma 5, which uses A3, we obtain ∆′(θ) > 0. ■ 15

Proposition 4 says that, if the distribution Pn satisfies both A2 and A3, the consumer 16

surplus is always strictly increasing in the expected number of firms. Intuitively, this is 17

because the benefit consumers receive from having higher expected utility when there are 18

more firms more than offsets any possible increase in the expected payment by the consumer, 19

even when µ′(θ) > 0. This suggests that although greater competition can indeed be price- 20

increasing, consumers are always better off – as measured by the consumer surplus. 21

It is important to bear in mind that this result hinges on our interpretation of random 22

draws from the distribution G as utility shocks. As discussed in Gabaix et al. (2016), 23

this distribution can be interpreted either as reflecting true preferences (which are welfare- 24

relevant) or as representing “noise” such as consumer confusion or mistakes.22 If we were to 25

instead interpret the shocks as random errors, our welfare result would no longer hold.23 26

22There is a large literature studying how consumer confusion or errors can arise from various mechanisms
such as obfuscation by firms. For example, see Gabaix and Laibson (2006), Spiegler (2006), Ellison and
Ellison (2009), and Armstrong and Vickers (2012).

23For example, suppose the consumer surplus was given by ∆(θ) = x̄−θM ′(θ) where x̄ is constant, instead
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8 Application to auctions1

All of our results can be applied directly to auctions where the number of bidders is2

stochastic. Consider a seller who runs a second-price auction for a single indivisible good.3

Buyers’ valuations are private i.i.d. draws from a distribution G that satisfies A1.4

The number of bidders n ∈ N is given by a distribution Pn : Θ → [0, 1] where Pn(θ)5

denotes the probability that a seller’s auction has n bidders. The expected number of6

bidders is θ, which is exogenous. We assume there is no reserve price (i.e. z = 0).7

When there are n ≥ 2 bidders, all bidders make a bid equal to their own valuation.8

The bidder with the highest valuation wins the auction and the expected surplus for the9

winning bidder is the expected value of the difference between the highest and second-highest10

valuation, E(Mn − Sn), where Mn is the highest valuation and Sn is the second-highest11

valuation. When there is exactly one bidder, he gets the full surplus, EG(x).12

Let VB(θ) denote the expected surplus for the winning bidder and let VS(θ) denote the13

expected surplus for the seller. All of our results regarding the expected markup also hold14

for the winning bidder’s expected surplus. In particular, if the distribution Pn satisfies A2,15

we obtain expression (37) by Proposition 1. Similarly, expression (35) in Proposition 4 for16

the consumer surplus represents the expected surplus for the seller.17

Corollary 2. If Pn satisfies A2, the expected surplus for the winning bidder is given by18

(37) VB(θ) =
M ′(θ)

D(θ)

and the expected surplus for the seller is given by19

(38) VS(θ) = M(θ)− θM ′(θ).

In this setting, M(θ) can be interpreted as the total expected surplus of the auction,20

and D(θ) can be interpreted as the probability of winning faced by each bidder. Recall that21

rM(θ) is the elasticity of M ′(.) and εD(θ) is the elasticity of D(.) at θ.22

Corollary 3. If Pn satisfies A2, the expected surplus for the winning bidder is strictly23

increasing in the expected number of bidders, i.e. V ′
B(θ) > 0, if and only if24

(39) rM(θ) < εD(θ).

of (35). In this case, ∆′(θ) = −θM ′′(θ) − M ′(θ) and thus ∆′(θ) < 0 if and only if rM (θ) < 1. Lemma 10
in Appendix B says that rM (θ) → 1 − γ ∈ (0, 1] as θ goes to infinity, suggesting that ∆′(θ) < 0 at least
eventually for fat-tailed distributions with positive tail index γ > 0.
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By the revenue equivalence theorem, these results do not depend on the type of auction 1

but apply more generally to any type of auction which satisfies the conditions of the revenue 2

equivalence theorem (e.g. first-price, second-price, all-pay, or English auctions). 3

9 Asymptotic results 4

Gabaix et al. (2016) consider a standard limit pricing environment where the number of 5

firms is deterministic. The authors show that, in the limit as the number of firms n → ∞, the 6

markup elasticity εµ(n) converges to the tail index γG of the distribution of utility shocks. 7

Competition is therefore either asymptotically price-increasing (i.e. µ′(n) > 0 as n → ∞) 8

or asymptotically price-decreasing (i.e. µ′(n) < 0 as n → ∞) depending on whether the tail 9

index is greater than or less than zero, i.e. whether the distribution is fat-tailed or not. 10

In this section, we generalize these results to our environment. We provide asymptotic 11

results only for our lead example: the Poisson distribution. We summarize the main results 12

here and provide the preliminary lemmas and proofs in Appendix B. 13

Definition 1. We say that G is well-behaved if and only if limx→x
1−G(x)
g(x)

= a where a ∈ 14

R+ ∪ {+∞} and G has finite tail index γG ∈ R given by limx→x
d
dx

(
1−G(x)
g(x)

)
= γG. 15

We make the following assumption on the distribution G for our asymptotic results. 16

Assumption A4. The distribution G is well-behaved with tail index γG < 1. 17

We adopt standard notation and write F (y) ∼y→∞ FL(y), or simply F (y) ∼ FL(y), if 18

and only if limy→∞
F (y)
FL(y)

= 1. To derive our results, we make use of Proposition 1, which 19

implies µ(θ) ∼θ→∞ M ′(θ)θ, and Proposition 3, which says εµ(θ) = εD(θ)− rM(θ). 20

Proposition 5 presents the asymptotic expected markup, which is analogous to Proposition 21

2 of Gabaix et al. (2016). We recover that paper’s result that the markup elasticity converges 22

to the tail index, i.e. εµ(θ) → γG. We also provide a necessary and sufficient condition under 23

which the expected markup µ(θ) converges to zero as θ → ∞. 24

Proposition 5. If Pn is Poisson and G satisfies A4, then 25

1. The asymptotic expected markup is 26

(40) µ(θ) ∼θ→∞
Γ(1− γG)

θg
(
G−1

(
1− 1

θ

))
where Γ(t) ≡

∫∞
0

yt−1e−ydy is the Gamma function. 27

22



2. In the limit as θ → ∞, we have µ(θ) → 0 if and only if limx→x̄
1−G(x)
g(x)

= 0.1

3. In the limit as θ → ∞, we have εµ(θ) → γG.2

We can also determine the asymptotic value of the consumer surplus share, ∆s(θ) ≡3

∆(θ)/M(θ). Proposition 6 says the consumer surplus share converges to one as θ → ∞ if4

the distribution G is bounded, but it converges to 1− γG ∈ (0, 1] if G is unbounded.5

Proposition 6. If Pn is Poisson and G satisfies A4, then6

1. In the limit as θ → ∞, we have ∆s(θ) → 1− γG ∈ (0, 1] if x̄ = ∞.7

2. In the limit as θ → ∞, we have ∆s(θ) → 1 if x̄ < ∞.8

10 Examples9

We now present some examples in order to bring to life our results. For each distribution10

of utility shocks G, we consider the expected markup when the distribution Pn is Poisson,11

geometric, or degenerate (i.e. the number of firms is deterministic).12

Example 1: Exponential13

Let G(x) = 1 − e−a(x−x0) for x ∈ [x0,∞) where a ∈ (0,∞). We know from Gabaix14

et al. (2016) that the asymptotic markup elasticity is εµ(θ) = 0, the tail index of G, and the15

asymptotic markup is µ(θ) ∼ 1/a. If Pn is degenerate, the expected markup for θ ≥ 2 is16

(41) µ(θ) =
1

a
.

If Pn is Poisson, the expected markup is given by17

(42) µ(θ) =
1

a
+

θe−θ

1− e−θ
(x0 − z).

If Pn is geometric, the expected markup is given by18

(43) µ(θ) =
1

a
+

1

1 + θ
(x0 − z).

For both the Poisson and the geometric distribution, the expected markup is constant,19

µ(θ) = 1/a, and εµ(θ) = 0 if z = x0 but it is decreasing in the expected number of firms, i.e.20

µ′(θ) < 0, if z < x0. In the limit as θ → ∞, we have µ(θ) ∼ 1/a and εµ(θ) → 0.21

23



Figure 1 provides a comparison of the behavior of the expected markup and the markup 1

elasticity for the Poisson and geometric distributions when G is exponential with parameter 2

values a = 1, x0 = 1, and z = 0. We also show the deterministic markup and its elasticity. 3

Example 2: Uniform 4

Let G(x) = x − x0 for x ∈ [x0, x0 + 1]. The uniform distribution has a log-concave 5

density and therefore we know that the deterministic markup (44) is decreasing in θ by the 6

standard results. The asymptotic markup elasticity is εµ(θ) = −1, the tail index of G, and 7

the asymptotic markup is µ(θ) ∼ 1/θ. If Pn is degenerate, the expected markup for θ ≥ 2 is 8

(44) µ(θ) =
1

θ + 1
.

If Pn is Poisson, the expected markup is given by 9

(45) µ(θ) =
1

θ

(
1− e−θ − θe−θ

1− e−θ

)
+

θe−θ

1− e−θ
(x0 − z).

If Pn is geometric, the expected markup is given by 10

(46) µ(θ) =
1

θ

(
(1 + θ) ln(1 + θ)

θ
− 1

)
+

1

1 + θ
(x0 − z).

For both the Poisson and the geometric distribution, the expected markup is decreasing 11

in the expected number of firms, i.e. µ′(θ) < 0, regardless of the value of the outside option 12

z. In the limit as θ → ∞, we have µ(θ) ∼ 1/θ and εµ(θ) → −1. 13

Figure 2 provides a comparison of the behavior of the expected markup and the markup 14

elasticity when G is uniform with parameter values x0 = 1 and z = 0. For the Poisson 15

and geometric distributions, as for the deterministic case, the markup elasticity is always 16

negative. However, its behavior is quite different: the markup elasticity is strictly decreasing 17

for both the geometric and deterministic cases, but non-monotonic for the Poisson. 18

Example 3: Pareto 19

Let G(x) = 1−
(

x
x0

)−1/λ

for x ∈ [x0,∞) where λ ∈ (0, 1). The Pareto distribution has a 20

log-convex density, so we expect that the deterministic markup (47) will be increasing in θ. 21

The asymptotic markup elasticity is εµ(θ) = λ > 0, the tail index of G, and the asymptotic 22
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markup is µ(θ) ∼ λx0θ
λΓ(1− λ). If Pn is degenerate, the expected markup for θ ≥ 2 is1

(47) µ(θ) =
λx0Γ(θ + 1)Γ(1− λ)

Γ(θ + 1− λ)
.

If Pn is Poisson, the expected markup is given by2

(48) µ(θ) =
λx0θ

λγ(1− λ, θ)

1− e−θ
+

θe−θ

1− e−θ
(x0 − z)

where γ(s, z) ≡
∫ z

0
ts−1e−tdt, the Lower Incomplete Gamma Function.3

If z = x0, the expected markup is always increasing in the expected number of firms, θ.4

If z = 0, however, the expected markup µ(θ) varies non-monotonically with the expected5

number of firms. In the limit as θ → ∞, we have εµ(θ) → λ, the tail index of G.6

If Pn is geometric, the expression for the expected markup is more complicated.247

(49) µ(θ) =
λx0θ

λ

(1 + λ)

(
1 + θ

θ

)
(L(θ, λ)− L(θ, λ, x0)) +

1

1 + θ
(x0 − z)

Figure 3 provides a comparison of the behavior of the expected markup and the markup8

elasticity when G is Pareto with parameter values λ = 0.25, x0 = 1, and z = 0. For the9

Poisson distribution, competition is price-decreasing when the expected number of firms10

θ is less than around five, but price-increasing after that. For the geometric distribution,11

competition is price-decreasing when θ is less than eight, but price-increasing after that.12

Discussion of examples13

To understand these examples better, we can decompose the expected markup as follows:14

(50) µ(θ;Pn, G, z) = ρ(θ;Pn)µ1(G, z) + (1− ρ(θ;Pn))µ2(θ;Pn, G)

where ρ(θ;Pn) =
P1(θ)

1−P0(θ)
, the probability that n = 1 (i.e. a “local” monopoly), µ1(G, z) =15

EG(x) − z, the monopoly markup, and µ2(θ;Pn, G) is the expected markup if n ≥ 2. The16

deterministic markup is a special case of (50) where ρ(θ;Pn) = 0 and Pn is degenerate.17

Effect of outside option. The behavior of the expected markup µ(θ) depends crucially18

on the value of the consumer’s outside option, z. This is because there may be only one19

firm selling to the consumer. The probability of this outcome is ρ(θ;Pn), which depends20

24Here, we define L(θ, λ, x) ≡
(

x
θλ

)1/λ+1
2F1

(
2, 1 + λ; 2 + λ;−

(
x
θλ

)1/λ)
and L(θ, λ) ≡ limx→∞ L(θ, λ, x),

where 2F1(a, b; c; d) is the hypergeometric function.
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on the distribution Pn. When there is only one firm, the expected markup is given by 1

µ1(G, z) = EG(x) − z, which clearly depends on z. In environments where the number of 2

firms is large, this may not be relevant. However, in environments with a relatively small 3

expected number of competing firms, the possibility of a local monopoly may be significant. 4

Non-monotonicity of expected markup. The value of the consumer’s outside option 5

can influence whether the behavior of the expected markup µ(θ) is non-monotonic. For the 6

Pareto distribution, the expected markup is always a non-monotonic function of the expected 7

number of firms (for both the Poisson and geometric examples) whenever the consumer’s 8

outside option is strictly less than the minimum firm-specific utility shock, i.e. z < x0. On 9

the other hand, in the special case where z = x0, there is no non-monotonicity at all. 10

For other distributions, however, non-monotonicity can still arise even when z = x0. In 11

this case, µ1(G) = EG(x)−x0 and the effect of the outside option is eliminated. For example, 12

if G is the Fréchet distribution (which has neither a log-concave nor a log-convex density), 13

the expected markup is always a non-monotonic function of the expected number of firms 14

regardless of the outside option (including when z = x0, as shown in Figure 4). 15

The reason behind the non-monotonicity (for both the Pareto and Fréchet examples) is 16

the fact that the expected markup µn falls from the monopoly markup, EG(x) − z , to the 17

expected markup for n = 2, but is increasing in n after that. This is true if z = x0 for the 18

Fréchet example, but is only true for the Pareto example if z < x0. For the deterministic case 19

where Pn is degenerate and θ ≥ 2, the expected markup µ(θ) is always strictly increasing. 20

For both the Poisson and geometric distributions, the expected markup µ(θ) is a weighted 21

average of the monopoly markup and the expected markups µn for n ≥ 2 with weights that 22

vary depending on both the distribution Pn and the expected number of firms θ. 23

Effect of distribution Pn. Looking at Figures 1-4, it is clear that the distribution Pn 24

(e.g. Poisson, geometric, or deterministic) can affect outcomes such as (i) the level of the 25

expected markup, (ii) the level of the markup elasticity, (iii) the expected number of firms 26

at which competition switches from being price-decreasing to price-increasing, and (iv) the 27

rate of convergence of the markup elasticity to its asymptotic value. 28

11 Conclusion 29

This paper studies the effect of expected competition on markups in a random utility model 30

where the number of competing firms may differ across consumers. There may be either no 31

firms, one firm, or two or more firms competing for a consumer. Prices are determined by 32
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“limit pricing”, i.e. the equilibrium markup equals the difference between the highest and1

second-highest utility shock. We show that, under a precise condition on the distribution2

Pn of the number of competing firms, we can obtain a simple expression for the expected3

markup in terms of the key object: the consumer’s expected utility as a function of the4

expected number of firms. The simplicity of our expression is closely related to another5

result: firm entry is efficient under limit pricing whenever Pn satisfies the same condition.6

Our simple expression for the expected markup reveals that the impact of competition7

on prices depends crucially on the local curvature of the function M(.). In particular,8

competition is price-increasing if and only if the elasticity of marginal utility, defined as9

−M ′′(θ)θ/M ′(θ), is strictly less than the elasticity of demand with respect to θ. Whether10

or not this is true depends not only on properties of the distribution of utility shocks, but11

also on the expected number of firms and the value of the consumer’s outside option. In12

addition, it depends on the distribution across consumers of the number of competing firms.13

Allowing the number of competing firms to vary across consumers in a random manner14

is useful for modelling environments that feature various frictions (e.g. search frictions).15

Somewhat surprisingly, however, this approach can still yield a remarkably simple expres-16

sion for the expected markup, which features significantly greater generality (and arguably17

greater tractability) than the analogous expression when the number of firms is determinis-18

tic. This suggests that a similar approach may be fruitfully applied to many other problems19

in industrial organization. We leave this as a potential avenue for future research.20

27



Figure 1: Expected markup (left panel) and markup elasticity (right panel). The distribution G is
exponential with a = 1, x0 = 1, and z = 0. The asymptotic elasticity is the tail index γ = 0.

Figure 2: Expected markup (left panel) and markup elasticity (right panel). The distribution G is
uniform with x0 = 1 and z = 0. The asymptotic elasticity is the tail index γ = −1.
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Figure 3: Expected markup (left panel) and markup elasticity (right panel). The distribution G is
Pareto with λ = 0.25, x0 = 1, and z = 0. The asymptotic elasticity is the tail index γ = 0.25.

Figure 4: Expected markup (left panel) and markup elasticity (right panel). The distribution G is
Fréchet with λ = 0.25, x0 = 1, and z = x0. The asymptotic elasticity is the tail index γ = 0.25.
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Appendix A1

Invariance2

The probability generating function (PGF) G of the distribution Pn is defined as follows:3

G(y; θ) ≡
∑

Pn(θ)y
n for y ∈ [0, 1] and all θ ∈ Θ. A distribution Pn is called invariant in4

Lester et al. (2015) if and only if the PGF takes the following form.5

Definition 2. A distribution Pn is invariant if and only if, for y ∈ [0, 1] and all θ ∈ Θ,6

(51) G(y; θ) = P0(θ(1− y)).

Invariance is in fact a fairly intuitive ‘commutativity’ assumption. To see this, suppose7

there is a continuum of red and white balls in an urn and the proportion of red balls is8

y ∈ [0, 1]. Consider the following two alternative exercises.9

First, suppose that we select a random number n of balls from the urn, where n ∼ Pn(θ)10

and E(n) = θ. The probability that every draw is red is equal to
∑

Pn(θ)y
n.11

Second, suppose that we first split the balls into two different urns: the red balls go in a12

red urn, and the white balls go in a white urn. We select a random number nr of balls from13

the red urn, where nr ∼ Pn(θy) and E(nr) = θy. We also select a random number nw of14

balls from the white urn, where nw ∼ Pn(θ(1−y)) and E(nw) = θ(1−y). The total expected15

number of balls drawn is again θ. In this case, the probability that every draw is red equals16

the probability that there are no balls drawn from the white urn, P0(θ(1− y)).17

Invariance of the distribution Pn means that the probability there are no red balls drawn18

is the same for both exercises, i.e. this probability is “invariant” to whether we first draw19

and then split; or first split and then draw. That is, invariance says the following holds:20

(52)
∑

Pn(θ)y
n = P0(θ(1− y)).

The following lemma provides an alternative condition that is equivalent to (51), as21

described in Lester et al. (2015). This will prove useful for proving our equivalence result.22

Lemma 6. A distribution Pn is invariant if and only if23

(53) Pn(θ) =
(−1)nθnP

(n)
0 (θ)

n!
,

for all n ∈ N such that Pn(θ) > 0 and all θ ∈ Θ, where P
(n)
0 is the n-th derivative of P0.24
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Proof. If (51) then (53) follows from the general property of probability generating 1

functions that, for all n ∈ N such that Pn(θ) > 0 and all θ ∈ Θ, 2

(54) Pn(θ) =
1

n!

∂n

∂yn

∣∣∣∣∣
y=0

∑
Pn(θ)y

n.

If (53) then (51) using the Taylor series expansion of P0(z) at θ, where z = θ(1− y). ■ 3

We are now in a position to prove our equivalence result. 4

Lemma 7. A distribution Pn is invariant if and only if 5

(55) −θP ′
n(θ) = (n+ 1)Pn+1(θ)− nPn(θ)

for all n ∈ N such that Pn(θ) > 0 and all θ ∈ Θ. 6

Proof. If Pn is invariant, then G(y; θ) = P0(θ(1 − y)). By Lemma 6, this is true if and 7

only if Pn(θ) can be written as (53). Differentiating (53), we obtain 8

(56) P ′
n(θ) =

(−1)nθnP
(n+1)
0 (θ)

n!
+

(−1)nnθn−1P
(n)
0 (θ)

n!

which is equivalent to 9

(57) −θP ′
n(θ) = (n+ 1)

(−1)n+1θn+1P
(n+1)
0 (θ)

(n+ 1)!
− n

(−1)nθnP
(n)
0 (θ)

n!

and thus (55) holds. Conversely, if (55) holds, then (22) implies 10

(58) −
∑

P ′
n(θ)y

n =
∑

(Qn+1(θ)−Qn(θ))y
n.

Rearranging the right-hand side, using Q0(θ) = 0, this is equivalent to 11

(59) − d

dθ

∑
Pn(θ)y

n =
∑

1
Qn(θ)y

n−1(1− y)

which implies that 12

(60)
∑

1
Qn(θ)y

n−1(1− y) +
d

dθ

∑
Pn(θ)y

n = 0.

34



Rearranging, using the identity θQn(θ) = nPn(θ), this is equivalent to1

(61)
1

θ
(1− y)

∑
1
nPn(θ)y

n−1 +
d

dθ

∑
Pn(θ)y

n = 0.

Letting G1(y; θ) =
∂
∂y
G(y; θ) and G2(y; θ) =

∂
∂θ
G(y; θ), this is equivalent to2

(62)
1

θ
(1− y)G1(y; θ) +G2(y; θ) = 0.

Applying Proposition 2 in Lester et al. (2015), this implies that the meeting fee equals zero3

in their environment.25 By Proposition 4 in Lester et al. (2015), Pn is therefore invariant. ■4

Negative binomial distribution5

The negative binomial family is a two-parameter family of distributions that count the6

number n of failures before r ∈ N\{0} successes, where the probability of success is r/(r+θ).7

If Pn is negative binomial, the probability there are n ∈ N competing firms is8

(63) Pn(θ) =

(
n+ r − 1

n

)(
r

r + θ

)r (
θ

r + θ

)n

.

We have Pn : Θ → [0, 1] where Θ = (0,∞), and
∑

Pn(θ) = 1 where E(n) = θ.9

For any value of r ∈ N\{0}, the corresponding distribution Pn satisfies A2 by Lemma10

7 because it is invariant. To see this, note that the probability generating function of the11

negative binomial distribution is12

(64) G(y; θ) =

(
r

r + θ(1− y)

)r

= P0(θ(1− y)).

In the limit as r → ∞, we obtain the Poisson distribution, described in Section 5.13

In the special case where r = 1, we obtain the geometric distribution:14

(65) Pn(θ) =

(
1

1 + θ

)(
θ

1 + θ

)n

.

Given that we provide the geometric distribution (r = 1) as an example in Section 10, we15

derive the key expressions for this distribution here.16

25Note that our equation (62) implies equation (6) in Lester et al. (2015) with t = 0, in the special case
where y = G(x) and the seller’s own valuation, denoted y in Lester et al. (2015), is equal to x0 and x < ∞.
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Expected markup. Substituting Pn(θ) into (7) from Lemma 1, 1

(66) µ(θ) =
1

θ

∑
1

(
θ

1 + θ

)n ∫
nG(x)n−1(1−G(x))dx+

1

1 + θ
(x0 − z) .

Rearranging and simplifying the above yields 2

(67) µ(θ) =
1

1 + θ

∫ ∑
1
n

(
θG(x)

1 + θ

)n−1

(1−G(x))dx+
1

1 + θ
(x0 − z)

which, using the fact that
∑

1 nr
n−1 = 1

(1−r)2
for r ∈ (0, 1), is equivalent to 3

(68) µ(θ) =

∫
1 + θ

(1 + θ(1−G(x)))2
(1−G(x))dx+

1

1 + θ
(x0 − z) .

Expected demand. Starting with P0(θ) =
1

1+θ
and using expression (8) from Lemma 4

2, the ex ante expected demand for a single firm’s product is given by 5

(69) D(θ) =
1

1 + θ
.

Consumer’s expected utility. First, by substituting in Pn(θ), we have 6

(70)
∑

Pn(θ)G(x)n =
1

1 + θ(1−G(x))
.

Starting with (10) and using (70), plus h(x; θ) = d
dx

∑
Pn(θ)G(x)n for x ∈ [x0, x), 7

(71) M(θ) =

∫
θxg(x)

(1 + θ(1−G(x)))2
dx+

1

1 + θ
z.

Next, applying Leibniz’ integral rule and using integration by parts yields 8

(72) M ′(θ) =

∫
1

(1 + θ(1−G(x)))2
(1−G(x))dx+

1

(1 + θ)2
(x0 − z).

It is straightforward to verify that the expected markup is given by µ(θ) = M ′(θ)/D(θ). 9
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Technical lemmas1

Lemma L1. If Pn satisfies A2, then2

(73)
d

dθ

∫ (
1−

∑
Pn(θ)G(x)n

)
dx = −

∫ ∑
P ′
n(θ)G(x)ndx

and3

(74)
d

dθ

∑
Pn(θ)G(x)n =

∑
P ′
n(θ)G(x)n.

Proof. Given that A2 is equivalent to (22), we have |P ′
n(θ)| = |Qn(θ)−Qn+1(θ)| and4

therefore |P ′
n(θ)| ≤ 1 because |P ′

n(θ)| ≤ max{Qn(θ), Qn+1(θ)} and Qn(θ) ≤ 1 for all n ∈ N.5

So, |P ′
n(θ)y

n| ≤ yn and
∑

yn converges for y ∈ (0, 1). So, if A2 holds, then we have (74).6

Next, we show that Leibniz’ integral rule applies to d
dθ

∫
(1−

∑
Pn(θ)G(x)n) dx. Not-7

ing that d
dθ
(1−

∑
Pn(θ)G(x)n) = − d

dθ

∑
Pn(θ)G(x)n, in order to apply Leibniz’ integral8

rule (because we allow x = ∞) we need to show there exists a function ϕ(x) such that9 ∣∣ d
dθ

∑
Pn(θ)G(x)n

∣∣ ≤ ϕ(x) and
∫ x̄

x0
ϕ(x) < ∞.Using the result (74), we have

∣∣ d
dθ

∑
Pn(θ)G(x)n

∣∣ =10

|
∑

P ′
n(θ)G(x)n|. If A2 holds, then (58) implies11

(75)
∑

P ′
n(θ)G(x)n = −

∑
(Qn+1(θ)−Qn(θ))G(x)n.

Next, by rearranging, and using the fact that Q0(θ) = 0, we have12

(76)
∑

P ′
n(θ)G(x)n = −(1−G(x))

∑
Qn+1(θ)G(x)n.

Now, G(x)n ≤ 1 and therefore
∑

Qn+1(θ)G(x)n ≤ 1. So, |
∑

P ′
n(θ)G(x)n| ≤ ϕ(x) ≡ 1−G(x)13

where
∫ x̄

x0
(1−G(x))dx < ∞ becauseG has a finite mean byA1. So, d

dθ

∫
(1−

∑
Pn(θ)G(x)n) dx =14

−
∫

d
dθ

∑
Pn(θ)G(x)ndx, which equals −

∫ ∑
P ′
n(θ)G(x)n by (74). ■15

Lemma L2. If Pn satisfies A2, then16

(77) − d

dθ

∫ ∑
P ′
n(θ)G(x)ndx = −

∫ ∑
P ′′
n (θ)G(x)ndx

and17

(78)
d2

dθ2

∑
Pn(θ)G(x)n =

∑
P ′′
n (θ)G(x)n.
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Proof. Differentiating condition (21) in A2, we have 1

(79) θP ′′
n (θ) = (n− 1)P ′

n(θ)− (n+ 1)P ′
n+1(θ).

Therefore, letting y = G(x), we obtain 2

(80) |θP ′′
n (θ)y

n| ≤ |nP ′
n(θ)y

n|+ |P ′
n(θ)y

n|+
∣∣(n+ 1)P ′

n+1(θ)y
n
∣∣

and thus |P ′′
n (θ)y

n| ≤ 1
θ
2(n + 1)yn because |P ′

n(θ)| ≤ 1 for all n ∈ N, as shown in Lemma 3

L1. Letting Bϵ(θ) = [θ− ϵ, θ+ ϵ] and K = 1/(θ− ϵ), we have 1/θ̂ ≤ K for all θ̂ ∈ Bϵ(θ) and 4

therefore |P ′′
n (θ)y

n| ≤ 2K(n + 1)yn. Also,
∑

(n + 1)yn =
∑

1 ny
n−1 converges for y ∈ (0, 1), 5

so we have d
dθ

∑
P ′
n(θ)G(x)n =

∑
P ′′
n (θ)G(x)n. Together with Lemma L1, this implies (78). 6

Next, Leibniz’ integral rule applies to d
dθ

∫ ∑
P ′
n(θ)G(x)ndx provided there exists a func- 7

tion ϕ̂(x) such that |
∑

P ′′
n (θ)G(x)n| ≤ ϕ̂(x) and

∫ x̄

x0
ϕ̂(x) < ∞. Using condition (79) above, 8

(81) θ
∑

P ′′
n (θ)G(x)n =

∑
(n− 1)P ′

n(θ)G(x)n −
∑

(n+ 1)P ′
n+1(θ)G(x)n

which can be shown to be equivalent to 9

(82) θ
∑

P ′′
n (θ)G(x)n = −(1−G(x))

∑
1
nP ′

n(θ)G(x)n−1 −
∑

P ′
n(θ)G(x)n.

Also, applying condition (21) in A2 yields 10

(83)
∑

1
nP ′

n(θ)G(x)n−1 =
∑

1
n(Qn(θ)−Qn+1(θ))G(x)n−1

which can be rearranged to 11

(84)
∑

1
nP ′

n(θ)G(x)n−1 = −(1−G(x))
∑

nQn+1(θ)G(x)n−1 +
∑

Qn+1(θ)G(x)n.

Therefore, we have 12

(85)
∣∣∣θ∑P ′′

n (θ)G(x)n
∣∣∣ = ∣∣∣(1−G(x))

∑
1
nP ′

n(θ)G(x)n−1 +
∑

P ′
n(θ)G(x)n

∣∣∣ .
Substituting equation (84) into the above gives us 13

(86) θ
∣∣∣∑P ′′

n (θ)G(x)n
∣∣∣ = ∣∣∣∣∣ −(1−G(x))2

∑
nQn+1(θ)G(x)n−1

+(1−G(x))
∑

Qn+1(θ)G(x)n +
∑

P ′
n(θ)G(x)n

∣∣∣∣∣
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and thus equation (76) from the proof of Lemma L1 implies1

(87) θ
∣∣∣∑P ′′

n (θ)G(x)n
∣∣∣ = (1−G(x))2

∑
nQn+1(θ)G(x)n−1.

Now,
∑

nQn+1(θ)G(x)n−1 ≤
∑

1 nQn+1(θ) because G(x)n−1 ≤ 1 for all n ≥ 1 and2

(88)
∑

1
nQn+1(θ) =

∑
2
(n− 1)Qn(θ) ≤

∑
1
nQn(θ).

Therefore, using the identity θQn(θ) = nPn(θ), we have3

(89)
∣∣∣∑P ′′

n (θ)G(x)n
∣∣∣ ≤ (1−G(x))2

∑
n2Pn(θ)

θ2
.

Letting σ2(θ) =
∑

n2Pn(θ) − θ2, the variance of Pn, we can write 1
θ2

∑
n2Pn(θ) =

σ2(θ)
θ2

+ 14

where
∑

n2Pn(θ) < ∞ and θ > 0 by assumption. Letting Bϵ(θ) = [θ − ϵ, θ + ϵ] and5

K̄ = maxθ̂∈Bϵ(θ)

{
σ2(θ̂)

θ̂2

}
, we have σ2(θ̂)

θ̂2
≤ K̄ for all θ̂ ∈ Bϵ(θ) and thus 1

θ2

∑
n2Pn(θ) ≤ K̄+1.6

Therefore, |
∑

P ′′
n (θ)G(x)n| ≤ ϕ̂(x) where ϕ̂(x) ≡ (K̄ + 1)(1 − G(x))2 and (K̄ + 1)

∫ x̄

x0
(1 −7

G(x))2 < ∞ because G has a finite mean by A1. Therefore, (77) is proven. ■8

Lemma L3. If Pn satisfies A2, the derivative of M(.) is given by9

(90) M ′(θ) = −
∫ ∑

P ′
n(θ)G(x)ndx− P ′

0(θ)(x0 − z)

and we have10

(91)
d

dθ

∑
Pn(θ)E(Mn) = −

∫ ∑
P ′
n(θ)G(x)ndx.

Proof. We can write11

(92) M(θ) =
∑

Pn(θ)E(Mn)− P0(θ)(x0 − z).

Using integration by parts, we have E(Mn) =
∫
xhn(x)dx = x0 +

∫
(1−Hn(x))dx, so12

(93) M(θ) = x0 +

∫ ∑
Pn(θ)(1−Hn(x))dx− P0(θ)(x0 − z).

Next, using the fact that
∑

Pn(θ) = 1 and Hn(x) = G(x)n, we obtain13

(94) M(θ) = x0 +

∫ (
1−

∑
Pn(θ)G(x)n

)
dx− P0(θ)(x0 − z).
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Finally, differentiating expression (94) with respect to θ yields 1

(95) M ′(θ) =
d

dθ

∫ (
1−

∑
Pn(θ)G(x)n

)
dx− P ′

0(θ)(x0 − z).

If Pn satisfies A2, applying Lemma L1 yields the following: 2

(96) M ′(θ) = −
∫

d

dθ

∑
Pn(θ)G(x)ndx− P ′

0(θ)(x0 − z).

Applying Lemma L1 again yields (90). Together with (92), this implies (91). ■ 3

Additional proofs 4

Proof of Lemma 1 5

Substituting expressions (5) and (2) into (6), we obtain 6

(97) µ(θ) =

∑
2 Pn(θ)

∫
nG(x)n−1(1−G(x))dx+ P1(θ) (EG(x)− z)

1− P0(θ)

which is equivalent to 7

(98) µ(θ) =

∑
1 Pn(θ)

∫
nG(x)n−1(1−G(x))dx+ P1(θ)

(
EG(x)−

∫
(1−G(x))dx− z

)
1− P0(θ)

.

Given thatG has a finite mean, limx→x x(1−G(x)) = 0 and therefore EG(x)−
∫
(1−G(x))dx = 8

x0 using integration by parts. Substituting into (98), we obtain (7). ■ 9

Proof of Lemma 5 10

Part (1). Consider expression (96) for M ′(θ). Clearly, A3 implies M ′(θ) > 0. Next, 11

differentiating (90) yields 12

(99) M ′′(θ) = − d

dθ

∫ ∑
P ′
n(θ)G(x)ndx− P ′′

0 (θ)(x0 − z).

Applying Lemma L2 to (99), we obtain 13

(100) M ′′(θ) = −
∫

d2

dθ2

∑
Pn(θ)G(x)ndx− P ′′

0 (θ)(x0 − z).

Clearly, A3 implies M ′′(θ) < 0. 14
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Part (2). First, A2 implies M ′(θ) = µ(θ)D(θ) and thus limθ→0M
′(θ) = limθ→0 µ(θ)D(θ).1

So, using expression (97), plus the fact that θQn(θ) = nPn(θ), we have2

(101) lim
θ→0

M ′(θ) = lim
θ→0

∑
2
Qn(θ)

∫
G(x)n−1(1−G(x))dx+ lim

θ→0

P1(θ)

θ
(EG(x)− z) .

Next, limθ→0

∑
2Qn(θ)

∫
G(x)n−1(1−G(x))dx = 0, using the fact that3

(102) 0 ≤
∑

2
Qn(θ)

∫
G(x)n−1(1−G(x))dx ≤

∫
(1−G(x))dx

∑
2
Qn(θ)

where
∫
(1 − G(x))dx < ∞ and limθ→0

∑
2Qn(θ) = 0 because limθ→0Q1(θ) = 1 by A3.4

Finally, limθ→0
P1(θ)

θ
= limθ→0Q1(θ) = 1, and thus limθ→0M

′(θ) = EG(x)− z.5

Next, starting with (96), we obtain6

(103) lim
θ→∞

M ′(θ) = −
∫

lim
θ→∞

d

dθ

∑
Pn(θ)G(x)ndx− lim

θ→∞
P ′
0(θ)(x0 − z).

Interchanging integral and limit is justified because
∣∣ d
dθ

∑
Pn(θ)G(x)n

∣∣ ≤ 1 − G(x), as in7

Lemma L1, and
∫
1−G(x)dx < ∞ asG has a finite mean byA1. Also, limθ→∞

d
dθ

∑
Pn(θ)y

n =8

0 for all y ∈ [0, 1) and limθ→∞ P ′
0(θ) = 0 by A3. Thus limθ→∞M ′(θ) = 0. ■9

Appendix B10

Asymptotic results11

Before presenting our results, we first define the notion of regular variation.2612

Definition 3. We say that a function h : R+ → R is regularly varying at zero with index13

ρ, and denote this by h ∈ RV 0
ρ , if and only if h is strictly positive in a neighborhood of zero14

and, for all λ > 0, we have limt→0
h(λt)
h(t)

= λρ.15

Lemma 8 is identical to Theorem 3 of Gabaix et al. (2016), except for the following16

differences. First, H(.; θ) is the distribution of the consumer’s expected utility when n is17

stochastic and the distribution Pn of the number of competing firms n is Poisson. Second,18

we are taking the limit as the expected number of firms, θ = E(n), goes to infinity, not as19

n → ∞. Third, the consumer’s outside option is z. Finally, we restrict attention to the case20

where ζ(x) ≥ 0, which is all that is required for our results.21

The proof of Lemma 8 is somewhat simpler than that found in Gabaix et al. (2016).22

26See Bingham, Goldie, and Teugels (1987) or Resnick (1987).
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Lemma 8. Let ζ : [x0, x)∪{z} → R+ be a function that satisfies ζ(x) ≥ 0 for all x ∈ [x0, x) 1

and
∫

|ζ(x)g(x)| dx < ∞. Suppose that ζ̂(t) ≡ ζ(G−1(1 − t)) ∈ RV 0
ρ with ρ > −1. If Pn is 2

Poisson, then in the limit as θ → ∞, we have 3

(104) EH(ζ(x)) =

∫
ζ(x)g(x)θe−θ(1−G(x))dx+ e−θζ(z) ∼ ζ

(
G−1

(
1− 1

θ

))
Γ(ρ+ 1)

where Γ(t) ≡
∫∞
0

yt−1e−ydy is the Gamma function. 4

To apply Lemma 8, we need Assumption A4, which says that the tail index of G is below 5

one, i.e. γG < 1. We will see that this assumption is sufficient to ensure that ρ > −1, and 6

therefore Lemma 8 can be applied, in all cases required for our results. 7

If the distribution Pn satisfies A2 (which is true for the Poisson distribution) Proposition 8

1 says that the expected markup can be expressed in terms of the derivative of the consumer’s 9

expected utility function M(.). As a result, all of the asymptotic results we need, including 10

the asymptotic behavior of the expected markup and the markup elasticity, depend only on 11

the asymptotic behavior of the consumer’s expected utility function M(.) and its derivatives. 12

We now present Lemmas 9 and 10, which derive some results regarding the asymptotic 13

behavior of M(.) and its derivatives. 14

Lemma 9. If Pn is Poisson and G satisfies A4, in the limit as θ → ∞ we have 15

(105) M(θ) ∼ G−1

(
1− 1

θ

)
Γ(1− γG) if x̄ = ∞

and 16

(106) x̄−M(θ) ∼
(
x̄−G−1

(
1− 1

θ

))
Γ(1− γG) if x̄ < ∞.

Lemma 10 summarizes the asymptotic behavior of the derivative M ′(θ) and the measure 17

of curvature rM(θ) ≡ −M ′′(θ)θ
M ′(θ)

. In the limit as the expected number of firms becomes large, 18

rM(θ) → 1−γG. This result is used to prove part of Proposition 5, but it is interesting in its 19

own right because it says that the tail index of the distribution of utility shocks – which is 20

a measure of tail fatness – is equal to one minus the asymptotic value of rM(θ) – a measure 21

of local curvature of the consumer’s expected utility function, M(.). 22

Lemma 10. If Pn is Poisson and G satisfies A4, the following hold: 23
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1. In the limit as θ → ∞, we have1

(107) M ′(θ) ∼ Γ(1− γG)

θ2g(G−1
(
1− 1

θ

)
)
.

2. We have limθ→∞M ′(θ) = 0.2

3. In the limit as θ → ∞, we have rM(θ) → 1− γG.3

Proofs of asymptotic results4

Proof of Lemma 85

Suppose that ζ̂(t) ≡ ζ(G−1(1 − t)) ∈ RV 0
ρ with ρ > −1. Changing variables by letting6

t = 1−G(x) and rewriting yields7

(108) EH(ζ(x)) =

∫ 1

0

θe−θtζ(G−1(1− t))dt+ e−θζ(z).

Rewriting, this is equivalent to8

(109) EH(ζ(x)) =

∫ 1

0

θe−(θ−1)tζ(G−1(1− t))e−tdt+ e−θζ(z).

Now define h̃(t) ≡ ζ(G−1(1− t))e−t and H̃(t) ≡
∫ t

0
h̃(y)dy. Letting θ − 1 = θ′, we have9

(110) EH(ζ(x)) =

∫ 1

0

θe−θ′tdH̃(t) + e−θζ(z).

Defining ĥ(t) = h(t) for all t ∈ [0, 1] and ĥ(t) = 0 for all t ∈ (1,∞), and Ĥ(t) ≡
∫ t

0
ĥ(y)dy,10

(111) EH(ζ(x)) =

∫ ∞

0

θe−θ′tdĤ(t) + e−θζ(z).

We can apply Karamata’s Tauberian Theorem because Ĥ(t) is weakly positive and weakly11

increasing in t. This theorem says that if Ĥ(t) ∈ RV 0
α then as θ′ → ∞ we have12

(112)

∫ ∞

0

e−θ′tdĤ(t) ∼ Ĥ(1/θ′)Γ(α + 1).

Now, because ζ̂(t) ≡ ζ(G−1(1 − t)) ∈ RV 0
ρ with ρ > −1 by assumption, we have h(t) ≡13

ζ(G−1(1−t))e−t ∈ RV 0
ρ with ρ > −1 because e−t ∈ RV 0

0 , and therefore also ĥ(t) ∈ RV 0
ρ with14
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ρ > −1. By Lemma A1.6 of Gabaix et al. (2016), this implies that Ĥ(t) ≡
∫ t

0
ĥ(y)dy ∈ RV 0

ρ+1 1

and therefore α = ρ+ 1, so we have 2

(113)

∫ ∞

0

e−θ′tdĤ(t) ∼ Ĥ(1/θ′)Γ(ρ+ 2)

as θ′ → ∞. By Lemma A1.6 of Gabaix et al. (2016), we also have limx→0
xĥ(x)

Ĥ(x)
= ρ+ 1, and 3

thus Ĥ(x) ∼ xĥ(x)/(ρ+ 1) as x → 0. Therefore as θ′ → ∞ we have 4

(114)

∫ ∞

0

e−θ′tdĤ(t) ∼ 1

θ′
ĥ(1/θ′)Γ(ρ+ 2)

ρ+ 1
.

Given that Γ(ρ+ 2)/(ρ+ 1) = Γ(ρ+ 1) and ĥ(t) = ζ(G−1(1− t))e−t for all t ∈ [0, 1], 5

(115)

∫ ∞

0

e−θ′tdĤ(t) ∼ 1

θ′
ζ

(
G−1

(
1− 1

θ′

))
e−1/θ′Γ(ρ+ 1).

Finally, using the fact that θ′ = θ − 1, in the limit as θ → ∞ we have 6

(116) EH(ζ(x)) =

∫ ∞

0

θe−θ′tdĤ(t) + e−θζ(z) ∼ ζ

(
G−1

(
1− 1

θ

))
Γ(ρ+ 1). ■

Proof of Lemma 9 7

Case 1. Suppose that x̄ = ∞. Let fζ : N → R be defined by fζ(n) =
∫
ζ(x)hn(x)dx and 8

ζ(x) = x. If Pn is Poisson, applying Lemma 8 and using limθ→∞ e−θ = 0 yields 9

(117)
∑

Pn(θ)fζ(n) ∼θ→∞ G−1

(
1− 1

θ

)
Γ(1− γG).

Lemma 8 applies because ζ(x) ≥ 0 and
∫
xg(x)dx < ∞ because G has a finite mean by 10

A1, plus ζ̂(t) ≡ ζ(G−1(1 − t)) ∈ RV 0
ρ where ρ = −γG by Lemma 1 of Gabaix et al. (2016) 11

because x̄ = ∞, and γG < 1 by A4. Using (92) for M(θ) and limθ→∞ e−θ = 0 yields (105). 12

Case 2. Suppose that x̄ < ∞. Let fζ : N → R be defined by fζ(n) =
∫
ζ(x)hn(x)dx and 13

ζ(x) = x̄− x. If Pn is Poisson, applying Lemma 8 and using limθ→∞ e−θ = 0 yields 14

(118)
∑

Pn(θ)fζ(n) ∼θ→∞

(
x̄−G−1

(
1− 1

θ

))
Γ(1− γG).

Lemma 8 applies because ζ(x) ≥ 0 and
∫
|ζ(x)g(x)| dx < ∞ as G has a finite mean by A1, 15

plus ζ̂(t) ≡ ζ(G−1(1 − t)) ∈ RV 0
ρ where ρ = −γG by Lemma 1 of Gabaix et al. (2016) as 16
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x̄ < ∞, and γG < 1 by A4. Using (92) for M(θ) and limθ→∞ e−θ = 0 yields (106). ■1

Proof of Lemma 102

Part (1). First, suppose that F (θ) ∼θ→∞ FL(θ), and either limθ→∞ F (θ) = ∞ or3

limθ→∞ F (θ) = 0. Then limθ→∞
F (θ)
FL(θ)

= 1, which implies limθ→∞
F ′(θ)
F ′
L(θ)

= 1 by L’Hôpital’s4

rule, so F ′(θ) ∼θ→∞ F ′
L(θ). If Pn is Poisson, we can apply this reasoning to (105) and (106)5

from Lemma 9. For both cases, we obtain6

(119) M ′(θ) ∼θ→∞ Γ(1− γG)
d

dθ
G−1

(
1− 1

θ

)
and differentiating G−1

(
1− 1

θ

)
yields (107).7

Part (2). Letting x = G−1
(
1− 1

θ

)
in (107), we obtain8

(120) lim
θ→∞

M ′(θ) = Γ(1− γG) lim
x→x̄

(1−G(x))2

g(x)
.

Therefore, limθ→∞M ′(θ) = 0 if and only if limx→x̄
(1−G(x))2

g(x)
= 0. Rewriting,9

(121) lim
x→x̄

(1−G(x))2

g(x)
= lim

x→x̄
x(1−G(x))

(
1−G(x)

xg(x)

)
.

We have limx→x̄ x(1 − G(x)) = 0 because G has a finite mean by A1. Given we assume10

A4, we have limx→x̄
1−G(x)
xg(x)

= limx→x

1−G(x)
g(x)

x
where limx→x

1−G(x)
g(x)

= a ∈ R+ ∪ {+∞}. If11

a ∈ R+ then limx→x̄
1−G(x)
xg(x)

= 0, and if a = ∞ then L’Hôpital’s rule yields limx→x̄
1−G(x)
xg(x)

=12

limx→x
d
dx

1−G(x)
g(x)

= γG ∈ R. Either way, limx→x̄
(1−G(x))2

g(x)
= 0 and thus limθ→∞ M ′(θ) = 0.13

Part (3). Next, let M ′
L(θ) = Γ(1−γG)

θ2g(G−1(1− 1
θ ))

. Letting t = 1/θ, we can write M ′
L(θ) as14

H(t) ≡ Γ(1−γG)t2

g(G−1(1−t))
for t ∈ (0,∞). Next, we can show that h(t) ∼t→0 (1− γG)H(t)/t.15

Letting x = G−1(1− t), we have16

(122) H(t) =
Γ(1− γG)(1−G(x))2

g(x)
.

Differentiating the above, we obtain17

(123) h(t) = Γ(1− γG)
2(1−G(x))g(x) + (1−G(x))2g′(x)

g(x)

g(x)2
.
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Therefore, we have 1

(124) lim
t→0

h(t)t

H(t)
= 2 + lim

x→∞

(1−G(x))g′(x)

g(x)2
= 1− lim

x→∞

d

dx

(
1−G(x)

g(x)

)
.

So, limt→0
h(t)t
H(t)

= 1 − γG by definition of the tail index γG. Given that M ′′
L(θ) =

dH
dt

dt
dθ
, we 2

have M ′′
L(θ) = −h(t)t2 where −h(t)t2 ∼t→0 −(1− γG)H(t)t. Therefore, we obtain 3

(125) M ′′(θ) ∼θ→∞ −(1− γG)
M ′

L(θ)

θ
.

Clearly, limθ→∞ rM(θ) = limθ→∞
−M ′′(θ)θ
M ′(θ)

= 1− γG. ■ 4

Proof of Proposition 5 5

Part (1 ). If Pn is Poisson, then it satisfies A2, so Proposition 1 says µ(θ) = M ′(θ)/D(θ). 6

Given that limθ→∞ P0(θ) = 0, we have D(θ) ∼θ→∞ 1/θ. Therefore, µ(θ) ∼θ→∞ M ′(θ)θ and 7

(107) from Lemma 10 yields (40). 8

Part (2). Starting with (40), and letting x = G−1
(
1− 1

θ

)
or 1/θ = 1−G(x), we have 9

(126) lim
θ→∞

µ(θ) = Γ(1− γG) lim
x→x̄

1−G(x)

g (x)

and thus limθ→∞ µ(θ) = 0 if and only if limx→x̄
1−G(x)
g(x)

= 0. 10

Part (3). If Pn is Poisson, then it satisfies A2, so Proposition 3 says that εµ(θ) = 11

εD(θ) − rM(θ). Also, limθ→∞ εD(θ) = 1 because D(θ) ∼θ→∞ 1/θ. Therefore, we can apply 12

Lemma 10, which says that limθ→∞ rM(θ) = 1− γG, to obtain limθ→∞ εµ(θ) = γG. ■ 13

Proof of Proposition 6 14

Part (1). Suppose that x̄ = ∞. If Pn is Poisson, we have ∆s(θ) = 1 − ηM(θ) by 15

Proposition 4. Using (105) and (107) yields 16

(127) ηM(θ) =
−M ′(θ)θ

M(θ)
∼ 1

θG−1
(
1− 1

θ

)
g(G−1

(
1− 1

θ

)
)

if Pn is Poisson. Letting x = G−1
(
1− 1

θ

)
or 1/θ = 1−G(x), we obtain 17

(128) lim
θ→∞

ηM(θ) = lim
x→x̄

1−G(x)

xg(x)
= γG ∈ [0, 1).
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Proposition 4 implies ∆s(θ) = 1− ηM(θ) if Pn is Poisson, so limθ→∞∆s(θ) = 1− γG ∈ (0, 1].1

Part (2). Suppose x̄ < ∞. Given ηM(θ) = −M ′(θ)θ
M(θ)

, (107) and limθ→∞M(θ) = x̄ yields2

(129) lim
θ→∞

ηM(θ) = lim
θ→∞

Γ(1− γG)

θg(G−1
(
1− 1

θ

)
)x̄

if Pn is Poisson. Letting x = G−1
(
1− 1

θ

)
or 1/θ = 1−G(x), we obtain3

(130) lim
θ→∞

ηM(θ) =
Γ(1− γG)

x̄
lim
x→x̄

1−G(x)

g(x)
= 0

because x̄ < ∞. So, limθ→∞ ηM(θ) = 0 and thus limθ→∞∆s(θ) = limθ→∞ 1− ηM(θ) = 1. ■4
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