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A Proofs and derivations

A.0 Useful facts

Here we reproduce some useful facts presented in Lemma 3 and Fact 1 in Mangin
(2017) that will be used in the proofs in this Appendix.

For any s € RTand € R", the Lower Incomplete Gamma function is defined by

(1)

Observe that lim, . v(s,x) = ['(s), the Gamma function, and y(1,z2) =1 —e™".

Fact 1.
Fact 2.
Fact 3.

Fact 4.

(2)

Fact 5.

Fact 6.

Fact 7.

v(s, x) E/ tte t dt.
0

Recurrence relation: v(s,x) = (s —1)y(s —1,2) — a5 te™®

%v(s, r)=z""le®

Dy(s,x) = [yt e (Int)dt
For x > 0, the elasticity of v(s,x) with respect to x is
xe "

v(s, )

For x > 0, the derivative of €(s,x) with respect to s is

Jo (Inaz —Int)tstetdt -
(s, z)? '

a S _—X
%6(8,1’) =z2’e (

For x > 0, the derivative of £(s,x) with respect to x is

25(5 x) = vl s —x — ve” <0
or 7 A(s, ) v(s,x) '

lim, o &(s,2) = s and lim,_,.&(s,x) =0



A.1 Proof there exists a unique cut-off productivity

First, we assume that both workers and firms accept when indifferent.

In a bilateral meeting, workers always accept the wage offered by definition of the
reservation wage b,. A match is therefore acceptable to both workers and firms in a
bilateral meeting if and only if the firm accepts, which is true if and only if J! (z) > 0
or z > x;° where x{° is the unique solution to J} (z) = 0.

In a multilateral meeting, firms always accept since A;x1 > Az for all t, where x4
and xo are respectively the highest and second-highest productivities among the firms
competing to hire the worker. So match acceptability depends on workers alone. A
firm with productivity = can offer the worker (or ”"bid” in an auction) a wage contract
that is at best equal to V2 (z) where

(3) Vi () = Ae + B((1 = O)E VT () + OB Vi, ).

At the time of hiring 7, workers will only consider ”"bids” from firms with productivities
z that satisfy V2%(z) > V]! (b;) or & > z7° where z7° is the unique solution to
VEa(z) = V3 (b;) = 0, since V! _(b;) = z+ SV}, the value of remaining unemployed.
Now, using (3) above, and (14) from Section 2.3 of the main text, we have

V;I?_ax(x) - Vrl,T(bT) = Az — b+ B(1 — 6)E( rn-fl-ai(T(x) - Vrl+1,7(b7))v
and since J!_(z) is given by
Ji,T(‘/'U) = ATI - bT + B(l - 5)Etj7%+1,7'(x)7

we have V2 (z) — V! _(b;) = J} (z).
Therefore z}¢ = ¢ and we call this unique cut-off productivity z¢. Only firms
with productivity x > z§ will decide to compete, and all matches with x > xf will be

acceptable by both workers and firms, at least at the time of hiring.!

A.2 Derivation of value of a filled vacancy

The expected value of an filled vacancy J; . at the time of match creation 7 is

(4) q(0-)Jrr = e_eTJi,r +(1— e_eT)J2

T,

and Jt{T and Jt%T are the respective expected payoffs in period t from a bilateral meeting
(which occurs with probability e=%7),2 or from a multilateral meeting (which occurs

!Note that whether a match is either bilateral or multilateral (i.e. there are either one or two or
more competing firms) itself depends on the cut-off productivities z}¢ and z7¢. Since we show that
the same cut-off zf applies for both types of matches, this is not a problem.

2Note that these are the Poisson probabilities of n firms approaching from the perspective of the
firm, which are the probabilities from the workers’ perspective divided by 6.



with probability 1 — e~%7) during the matching period 7.2
The expected value at time t of a vacancy that is filled in a bilateral meeting in
period T is

5) s = [ @acsa)

Zot

and the expected value of a vacancy, with productivity drawn from G¢(x), that is
competing to hire a worker in a multilateral meeting is

©) o= [t 2w o),

Zot

where 7, (z) is the probability that a firm with productivity x successfully hires, con-
ditional on two or more firms competing.
Using (4), (5), and (6) above, and equations (16) and (19) from the main text,

o0

q¢0.) ), = e /OO(Atx —b,)dGe () + (1 —e77) / e (2) (A — wi  (Ax))dGE ()

Zor Zor

+ﬁ(1 - 5)q(0T)EtJt+1,T

Defining a new variable y = A;x and letting Gy - (y) = GS(y/A:) and m:.-(y) = n-(y/As),

o0

q(0:) S, = e’ / ) (y — b,)dGyr(y) + (1 — %) / e (W) (y — wi - (y))dGy - (y)

Aixor Aizxor

+8(1 = 6)q(0-)Et Jrya -

Applying a result found in the Appendix of Mangin (2017) we have

| ey~ w06 0) = [ nalo)(1 - Gurw))dy

Atxo‘,— At$07—

and therefore we have:

Q(GT)Jt,T - 6_07/ (y_bT>th,T(y)+<1_e_0T>/ nt,’r(y)(1_Gt,T(y))dy—i_ﬁ(l_5)Q(07>Etjt+1,7—
AtxOT Atxoq—

Next, it can be shown that

e_eT(l_Gtﬂ'(y)) _ 6_67

1 —e 0

Ner(y) =

Observe that J} | is the value of a filled vacancy since the probability of hiring is one in a bilateral
match, but JgT is not the value of a filled vacancy since it incorporates the probability the firm will

be successful in hiring (i.e. it will have the highest productivity).



and, simplifying further, using a result from the Appendix of Mangin (2017) we obtain:

Jt”:qé» (

Rearranging, and using the fact that u(6,) = e~ /q(6,), we have

1 / T 0,0-Gir )
e T WI] — Gy 2 (y))dy
Q(QT) . ( t ( ))
1

= /Oo <i”<y)> 0.6 07 1=CrrW) g, (y)ydy

m(0;) Avzor YGi,r (y)

1 - Gt T(y)
= | — 22 LydHE (y; 6,
/ ygt,7<y) Y t7T(y )

/ 6797—(1*Gt,7(y))(1 _ Gtﬁ(y))d'y + 6797 (AtxOT — Z)T)) +5(1 — (S)Etjt+1,7—

Atzor

where Hf (y;0;) = Hg(y/As;0-), the distribution at time ¢ of output y = A;2 across
matches formed at time 7. Substituting into the above, we obtain:

(7) Jt,T = ﬂ-t,T(eT) + M(07'>(Atm07' - bT) +6(1 - 5)Et<]t+l,’r
—— ~~ d
productivity rents matching rents

where u(6;) is the share of bilateral meetings at time 7, and 7 ,(6;) is the expected
value of productivity rents at time ¢ for a match formed in period 7, defined by

®) me0)= [ (ﬂ) ydHE (4 0.).

At$07 ygt,T (y)

A.3 Generalized Pareto distribution

The Generalized Pareto distribution (GPD) also yields tractable expressions for
steady state expected wages, factor income shares, and the expected output per match.
Let G(z) with support [zmm, 00) be defined as follows:

1— (1+M)_UA A0
) Gl) =
1—e (52) A =0

where A € [0,1) and 0 € (0,00). We assume that ¢ > X and x,,;, = 1. This distribution
nests the Pareto as the special case where ¢ = A\ > 0, and it nests the exponential as

the special case where A = 0.
We again define G,(y) = G(y/A). For the generalized Pareto distribution, we have
(10) 1-Gily) _ Ao Alo — /\)_
yg5(y) y



Substituting into (21) and (22) from Section 2.3 of the main text yields the following
(11) @ = (1= \)Ap(8) — A(o — \) — (Azy — B)ju(0).

Steady state labor’s share sy, is

o—A w(0) (Azg — b)
(12 SL:“A_(M)‘ O

In the special case where ¢ = A > 0, we recover the corresponding expressions for
the Pareto distribution. In the special case where A = 0, we obtain expressions for
wages and labor’s share for the exponential distribution.

In general, whenever b > A in the steady state, we have o = b/A and the last term
on the right of (12) disappears. However, observe that steady state factor shares are
not constant whenever o # X\ since we have

(13) sp=1-\— (2(5) if b> A

Regardless of the level of the endogenous reservation wage b, labor share is increasing
in the degree of firm competition 0 since p’(f) > 0. Lemma 1 extends to the GPD.

If b < A, we can also obtain a tractable expression for p(f). For the generalized
Pareto distribution, if A > 0 the average match productivity is

@ 0= ()8 (55),

In the special case where o = A, we recover the corresponding expression for the Pareto
distribution when zo = 1.

A.4 Existence and uniqueness of function ¢,

Existence. Let F(0) = (1—-G(z°)) (f:;o e P0G (1 — Gy(y))dy + e (Axy — b)),

b € RT. The zero profit condition holds if and only if F() = C(1 — (1 — 9)),
where C(1 — (1 — 0) > 0. Now F(f) is continuous in 6 on [0, co) and F(0) — 0
as § — oo. If we can ensure that F'(0) > C(1 — (1 — §)), the intermediate value
theorem implies there exists # > 0 such that F'(§) = C(1 — 5(1 — 9)). Now, F(0) =

(1=G(2)) (S5, (1 = Golw))dy + (1 = b)) = (1= G(a%))(Ea, (y) —b). 1f G(x) s Pareto,
we have F'(0) > C(1 — B(1 — 9)) provided the following condition holds:

g A Axg
(15) C<1—50(1—5)(1—>\_b)'




If condition (15) holds, there exists § > 0 and hence there exists ¢ > 0 such that the
zero profit condition holds, where ¢ = /(1 — G(x¢)). If (15) fails, then no firms enter
and 0 = ¢ = 0.

If Assumption 1 holds, there is a unique critical value b(\, 3,9, C) > z such that

_ —1/A
condition (15) holds whenever b < b. To see this, let f(b) = 37— (420 —p) — C.
Condition (15) holds if and only if f(b) > 0. First we prove that f (b) < 0. If b < A,

we have 29 = 1 50 f(b) = 1=5(r=5 (725 — ) — C and f'(0) = == < 0. If b > 4,

1—1/A A—1/A b/A)-1/A
we have f(b)z% C, so f’():%<(). So for all b € R, we
have f'(b) < 0. Now if f(z) > 0, then since f'(b) < 0 and f(b) — —C as b — oo, there

exists a unique b > z such that f( ) = 0. Since z < A, we have f(z) > 0 provided that

(16) C<1—5(11—5)(1f>\_2)'

Condition (16) ensures that there exists a unique critical value b > z such that f(b) = 0.
We know that for any b < b condition (15) also holds and therefore there exists § > 0
and ¢ > 0 that satisfy the zero profit condition, where ¢ = /(1 — G(b)). If b > b, then
(15) fails and hence 6 = ¢ = 0.

Uniqueness. To prove the uniqueness of # which satisfies F'(§) = C(1—/5(1—0)), and
hence the uniqueness of ¢ = 6/(1 — G(b)), it suffices to show that F’(f) < 0. Applying
Leibniz’ rule, F/(0) = —(1—G(z°)) ( 35 (1= Gyly))? e 0=Cody 4 (1 - b)e“’) <0.
So for any given b € R™, there exists a unique # and hence a unique ¢ that satisfies
the zero profit condition. In other words, we have a function ¢,(b) : Rt — R*.

A.5 Proof that ¢/.(b) <0

If b > b, we have ¢,(b) = 0 and so ¢.(b) = 0 for b > b. Assume instead that b < b.
Let F1(6,b) = zg "/ (AzmoA0*1y(1= A, 0)+e~(Azg—b))—C(1—B(1—8)) = 0 where zg =
max{1,b/A}. When b < A, Fi(0,0) = ANy (1= N, 0)+e(A—b)—C(1—B(1-9))
and 0 = ¢, so OF;/0b = —e™? and OF, /00 = — (AN 2y(2 — \,0) + e %(A —b)). By

the implicit function theorem, 0/.(b) = ¢/.(b) = —gg?gg,

which gives the following:

(17) 3(0) = 0,(0) = 17 (2_;769)+€_0<A_b) <0, b<A

When b > A, we have F}(0(¢,b),b) = A7YA1 NP1y (1 — X, 0) — C(1 — 3(1 —6))

where 6(¢,b) = ¢(1 — G(z%)) = ¢(b/A)~*/* and hence & = —10b~'. Now ¢/ (b) =

—3?1;52, where OF; /00 = —A7Y/Ap=1/AN0*24(2 — X, ) is obtained by differentiating
ar, _

and then applying Fact 1. Again using Fact 1 to simplify the following, we have %3+ =

OFy 00 oFy __ 1/X 1>\—9 dF: dFy _ 0F1 00 1—1/\ A—2
St o = —A" o=t/ . Also, Gg is given by <50 = S50 = —b AN 2 (2 —




A, )b~/ so we have the following expression for ¢.(b), which is again negative:

CdRy/db —ef
dFy/dg — bI=1ANA 2~ (2 — ), 0)

¢.(b) = <0, b> A

A.6 Steady state reservation wage

Let V1(w) be the expected value of being employed at wage w and let V* be the
expected value of being unemployed. We have

(18) Viw) =w+ B((1 = §)VH(w) + V).

Workers decide whether to accept or reject wage offers w, taking ¢ as given. If V1(w) >
2+ BV, workers accept the wage offer w , while if V1(w) < z + SV" they reject it. We
show that for any given ¢ there exists a unique reservation wage b such that workers
will accept a wage offer w if and only if w > b. The reservation wage b satisfies
V1(b) = z + BV". Rearranging (18), we have

w A+ pov
C1-p801-9)

Since dV(w)/dw > 0, lim,,_, V!(w) = +0o, and we can verify that V(0) < z+ gV,
there exists a unique reservation wage b for any given ¢ such that V1(b) = z+4V*. This
gives us a function b.(¢) : R™ — R*. Given the existence of the unique reservation
wage b, we can then derive the expression for V*. Letting § = ¢(1 — G(z°)), the
expected value of being unemployed at the start of a period is

Vi(w)

VY =m(6) /OO max(V!(w), 2z + BV“)dﬁ(w, 0) + (1 —m(0)(z + V"),

where F(w, ) is the distribution of wage offers w given 6. Substituting in V(b), we
have max(V!'(w), z 4+ V") = max(V"'(w), V(b)) = V!(w) since b < w for all w. Since
f;; Vi(w)dF(w,0) = V¢ where V¢ is the expected value of employment, we obtain

Ve =m0V + (1 —m(0))(z + BVY).

A.7 Proof that b/.(¢) >0

Start with expression (35) in Section 3.2 of the main text for the reservation wage:

y _ 2(1=B(1 =) + B(1 = d)w(h, b)
1—p6(1—d)e " :




Let Fy(0,0) = b(1 — B(1 — §)e™?) — 2(1 — B(1 — §)) — B(1 — §)w(h,b) = 0 and let
w(0,b) = Axg(1 — N)0y(1 — N\, 0) — e (Axg — b) where 1y = max{1,b/A}. We have

8F2 _ aw
(19) 552&&—6)@69—55),

8F2 . 0 ow
(20) %—1—5(1—5)6 —6(1—5)ab.
Ifb < A, then = ¢ and w(0,b) = (1—-\) A0 (1=, 0)—0e=?(A—b). Differentiating,

ow ow

— =1 =NAN (1 =N, 0) +e ) — (A=) (e (1 —0)) and — = fe’.
o0 ob
Substituting these into (19) and (20) and simplifying, we have
% = —B(1 =) (NAP 192 = X\, 0) + (A —b)e™?),
Oy _ B(1— )" — B(1— 6)0e",
b
and hence using b/.(¢) = 0.(0) = —g};zég‘z we have
_ A=l (9 _ -0
(21) V() = b.(0) = B(1—0)(ANAOM 1y (2 = N\, 0) + (A —D)be™") S 0.b< A

1—=p(1—=0)e?—p(1—0)he?
The numerator is positive when b < A and the denominator is positive since 1 —e™% —
fe=? >0 and B(1 —6) < 1, so b.(¢p) > 0 when b < A.

If b > A, then we have Fy((¢,b),b) = b(1—B(1—08)e ) —2(1 - B(1—146)) — B(1—
§)w(6,b) where w(0,b) = b(1—N)0*y(1—X,0) and (¢, b) = ¢p(1—G(x°)) = ¢(b/A)~1/,

and hence % = —i@b‘l. Differentiating, we have
ow A—1 -0 ow A
%:b(l—)\)(/\é (1 —=X0)+e )and%:(l—)\)g v(1 =X, 0).

Substituting into (19) and (20) and simplifying using Fact 1,

F
Q = —6(1 — 5)6)\9/\_1’7(2 - )\7 0)7
BT
%%:1_5u—®eG—Ml—ﬂu—AwWG—Aﬁ)
Now br(¢) = —Ggy, where 42 = 538 = —p1AAAB(1 — 6)A0*17(2 = A, 0) and



% = %% + % =1-8(1-0)e?— (1 —08)0e? by applying Fact 3. So we have
dFy/0¢ bIAAVAB(1 — 5)AM 1y (2 — N, 0)

b;(Qb) - dF2/8b 1= 6(1 — 5)6_6 — 5(1 — 5)86_0

>0,b> A.

A.8 Proof of Proposition 2

Here we establish some comparative statics results for the equilibrium (¢*, b*) with
respect to the parameters p; € p = (A, 2z,C). We restrict our attention to the case
where b < A and ¢ = 6.

Consider the functions 6,.(b;p) and b,.(0;p). The function 6, is differentiable for
any b < b and the function b, is differentiable for any § > 0. Let # = (#,b) and define

the following function:

. _ br(e; p) —b
By definition, z* = (6*,b*) is an equilibrium if and only if G(x,p) = 0. By the implicit
function theorem, for any p; € p we have

Dx*(pi) = —(DxGX*(pi);pi)) ' Dp, G(X*(pi); i)

oby, 977t [0
2) - -7 ] |&]
ob 8}71'

For notational simplicity, denote the matrix DyG(x*(p;); p;) by Jg. Using the deriva-
tives 0b,./06 and 06,./0b given by (21) and (17) respectively, we obtain

—(1—B(1 —d)e”?)

(23) e = T 50— 8)e? — B 0)6

where det Ji < —1 and hence Jg; is invertible. Multiplying out (22), for any p; € p,

00" (06,0, 06,
api B —(det JG) (5 api * api) ’

ob ob,. 00
_ -1 r r r
o, = (det Jg) <8pZ + a0 ap@) .

The functions 6,.(b; p) and b,(6; p) are implicitly defined by (24) and (25):

(24)  Fi(0,b;p) = ANAO 1y(1 — N\, 0) +e (A —b) — C(1 — B(1 — ) =0,

(25)  F5(0,b:p) = b(1 = B(1 = 8)e™”) — 2(1 = B(1 = §)) = B(L = §)w(0,b;p) = 0,
where w (0, b; p) = (1 — \) A0y (1 — X\, 0) — e (A - ).

10



We can now use the implicit function theorem in relation to F (¢, b; p) and F»(6,b; p)
and apply some earlier results to obtain the following comparative statics.

Comparative statics for z.

o0 [0, 0b, 06,
gz~ ~(detJo) (ab 9z " 82)

~ —(1-p(1-09)) e’
(26) 1B =0 (AA9A27(2 N0+ e I(A- b)) <0
o (b, b 00,
g, — ~ldetJo) (82 50 az)
1-pB(1-9)
(27) 1—pB(1—=4)e? >0
Comparative statics for C.
o L (06,0b, 0,
oo~ ldetJo) (ab oc " ac)
(- B-8)) (1= B 8)e — B(1 — 5)6e?
(28) = 1B —0)e ()\AGA—%(Q ) e (A b)) <0
ob*

(@b, b, 00,
o0 = ~(detJa) ™ (ac 20 ac)
(10— 8)5(1 o)

(29) 1—p8(1—=4)e?

<0

Comparative statics for A. For b < A, using (17) we have

0" _, (06, 0b, 06,

(80)  Hx = —(deto) (ab an 8)\)

AP (A= AO+A—pB) o B1=0)fe”

NP2 N,0) + e (A—b) T T8 — 6)e?
and B is given by the following:

0
(31) B :/ te7 ' (Inf — Int)dt.
0

We have % > 0 if and only if y(1 — X,0) + (A — p)B > 0. If A > p, this is clearly

true for # > 0. Suppose instead that p > A. Rearranging and multiplying both sides

11



by 1 — A, we have— > 0 if and only if Bl /\9)) < = Now (1 =XA)/(p—A) >1/u

provided p < 1, which is true since 1 — (1 — d)e B(l —8)Pe=? > 0. So it suffices
to show that

B(1—)) B(1—6)fe?
Y1 =X0)1—5(1—0d)e?

(32) < 1.

It follows from Lemma 4 in the Appendix of Mangin (2017) that

B(1—-X)  (2—=X)y (2—)\6)
v(1 =\, 0) < 62—Ae0

Hence to establish (32), it is sufficient to show that m(#) < 1/(2 — \) where m(0) =
B (1If)g€1j(;)(e2:9A’9). It can be shown that max m(f) = 1_EC where ( is the unique

PESY
solution to 1— B(1 —6)e* = (. To ensure that 2= > 0, it sufﬁces to show that

Qi/\cc <5 Wthh is always true since A < 1 and ¢ > 0. So we have >0forb<1.

We also have >0forb<Aand0>O

0 e (B 2)
_ S\

(33) = 1A_B§((11_ (;5))59 > 0.
Comparative statics for A.

ox = e (55 57)
o Ailf—figflfle)‘ﬁ e
Since b/A < 1, we have 2= > 0 if and only if
(35) A=) 1y(1 =N, 0)+e >0,

which is true if and only if

gl=*e? B(1 —6)fe?

(36) AT AT NG T T B )

B(1—5)0e=?
1-B(1-3)e

Since (1 — 9) < 1, we have — < 7 ,99 and it suffices to show that

20 He=?

>
(37) )\+7(1—)\,9)_1—e—9’

12



which is true provided that L > 0 where h(),0) = A + 611 /\9)
Differentiating h(\, ) with respect to A using Fact 5, we have

since h(0,0) =

6*9 )

1-X —GB
(38) Oh 0775
O\ 7(1 =X\, 0)?

So 9% > 0 if and only if #'*¢=?B < v(1 — A,§)%. Substituting in the expression for B
derlved in the Appendix of Mangin (2017), we require that

91—/\ 2
(1_A)e”&ﬂl—&l—k2—&2—x—@<70—Aﬁf

Using the identity v(z,z) = 2%z 'Fy1(z;2 + 1; —2) from Andrews, Askey, and Roy
(2000) this is equivalent to

(39) e Fn(1 =M1 —X2-XN2—X—0) < F (1—X\2— X —0)2

Now Lemma 4 in Mangin (2014) implies that the left-hand side of (39) is less than
or equal to Fi1(1 — X2 — X\ —0)F11(2 — X\;3 — A\;—0), so it suffices to show that
Fii(2—=X\3—=X\—0) < Fi1(1—=X;2—)\; —0). Applying Kummer’s first transformation,
Fi1(y;z;—x) = e *F11(2 — y; z;x) from Andrews, Askey, and Roy (2000), we require
that I 1(1;3 — X 0) < Fi1(1;2— )\ 0). This is true since the function F ;(aq;by; ) is
decreasing in its second argument. Hence > 0, so the original inequality (37) holds
and therefore 06* / 8A > 0.
We also have 7 > 0for b < Aand 6 > 0 since

ob* 4 (0b.  0b,. 00,
aA_4mk>QNWMJ
B(1— 68 (1 \,0)
4 = )
(40) =i —ae?
Unemployment. Consider u* = u(0*). The steady state unemployment rate is

u(@) = /(0 + m(&)), Which is clearly decreasing in 0 since m/(#) > 0 so v'(0) < 0
for @ > 0. Since 2= < 0 <0, 5 >0, andaA>Oforb<A,ifu’(0)<Othen

ou* __ du 00* gu _du@% Bu _dud@ ou* __ du 00*
% = @z >0, 8C_d080>0’ % = @ ox <Vand G = Ho7 <0forb <A

Output per capita. Consider y* = Y/L = y(0*). First, we can write output per
capita as follows: y(0) = Ap(0)(1 — u(f)). Since p'(6) > 0 and u'(Q) < 0, we have

y'(0) > 0. Now, since 9% < 0, we have % = gg 9. <0 since 2 > 0. Next,

Zg %9 <0ifb< A, srnee < 0. Flnally, = ;lz ‘?54 + gf‘ where > 0, flg > 0 and
ay > 0, and therefore 2 > 0. It remains only to show that 2% > 0. We can write
y(@) = % for b < A So 9 = WL 42U where 2 > O and & > 0, and it

13



therefore suffices to show that % > (. Differentiating y(#) with respect to A yields

oy AP (Jy e (o — o)

o 5+ m(0) >0

Labor productivity. Consider p* = Ap(6*). If b < A, we have p(f) = %@&‘2)’“.

Lemma 2 of Mangin (2017) establishes that if G is well- behaved then p'(6) > 0. This

result applies when G is Pareto. We have %p/\ = %%ﬂ —|— Where > 0, so 6” >0
provided that g’; > 0, which is true smce @ > 0 from above Next we have % =
dp 96* dp 96* ao dp 96* | 0

SR < O and dz oc <0 since 2= < () and < 0. Flnally, = %artaog >0

since aA >0 and > 0.

A.9 Proof of Proposition 3

For the Pareto distribution, we have the following;:

(41) x}%f ) 1= 20)

and therefore when xy = 1 (i.e. b < A) steady state labor share can be expressed as
b

Differentiating s} = 1 — s} with respect to z, we have

dst. 10 b\ 96° 0

Substituting in 8%5(3, x) from Fact 6, where s =1 — X and z = 0, we have

* * * * N—A,—0 N _Nn_ _
dsK:_lﬁb c1—\0) 1_2 0670 " (1-A—0—¢e(1 )\,9))'
dz A 0z A ) 0z v(1 =X\, 0)

Substituting in 2 from (27) and % from (26), and using Fact 4, we have

dsy, —0=2e (1 - B(1—-9)) (Q—I— e P(A-b)(1 —)\—9—6(1—)\,0)))
)

dz (1= \0)(1—pB1—20d)e? AAP2~5(2 =X, 0) + e 9(A— )

Rearranging and simplifying, we have %K < O 1f MNPy (1 =N, 0) +e (A —b) >0,
which is true. Hence d— <0 or equ1valent1y L > 0.
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A.10 Proof of Proposition 4

Using (42) and differentiating sj = 1 — s} with respect to C', we have

ds 1V’ 06 0
- — -2 1-\,0).
ic ~ agct A0S < A > ac gL ~AY)

Since 2% < 0 from (29), ae (1 — X, 60) <0 by Fact 6, and & < 0 from (28), we have

d*K

> O or equlvalently & <.

A.11 Proof of Proposition 5

Again using (42) and differentiating with respect to A, we have

B ()00 (-5) S
- w (bZ (e (A) — 1) — (1 - %) 80*(14)7]6(9*))

and therefore L > ( if and only if

A b*
where e+ (A), the elasticity of b* with respect to A, is

B(1— 80 v(1— )\, 0) A
1—B(1=68)e? b

e (A) =

and g4+ (A), the elasticity of §* with respect to A, is

A=) y(1 = N0)+e? A B(1—8)fe?

o) = S @ oA e A—B) 8 N T T B =6y

and 7.(0), the elasticity of (1 — A, #) with respect to 6, is

Ne(1—=XNO)=1—-X—0—e(1—A\0).
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B Quantitative analysis

B.1 Estimation details

This Appendix provides additional details on the estimation presented in Section
4.4. The goal of that exercise is to use the calibrated model to estimate the underlying
aggregate TFP and investment-specific shocks. To do so, the linearized model is set
into state-space form and the time-paths of the two aggregate shocks are estimated
using the Kalman filter where the observable variables are real GDP and the unem-
ployment rate. Note that the model is calibrated to a monthly frequency. Therefore,
in the model, real GDP is measured as a 3-month average of aggregate output, ob-
served only every three months. The Kalman filter can conveniently deal with the
within-quarter months as missing observations. Unemployment, on the other hand, is
observed monthly and poses no additional complication for the estimation. Finally,
both variables are expressed in log-deviations from their respective HP-filter trends
(with a smoothing coefficient of 10° for quarterly GDP as in Shimer (2005) and a
smoothing coefficient of 10° * 3* for monthly unemployment, using the adjustment
factor of Ravn and Uhlig (2002)).

An important by-product of estimating the model is that we obtain model-predicted
time series for all the variables in the model (using the Kalman smoother). For our
purposes, this means that we also obtain a model-predicted time-series for the aggregate
labor share. The latter is depicted, together with the observed data on the labor share,
taken from Rios-Rull and Santaeulalia-Llopis (2010), in Figure 5 in the main text.

Figure 1 shows the time-paths of other model variables predicted by the model and
compares them to those observed in the data. The fact that the model tracks closely
the business cycle fluctuations of several variables, not directly used in the estimation,
is reassuring. Only labor market tightness is somewhat less volatile than in the data
owing to the fact that the model underpredicts the volatility of vacancies.

B.2 Wage elasticities of new and existing workers

The model mechanism rests on the fact that the wages of newly hired workers are
more flexible (i.e. more responsive to TFP shocks) than the wages of existing workers.
This Appendix provides details on the estimation of the wage elasticities of new and
existing workers in the model.

Existing studies document that wages of newly hired workers are indeed more flex-
ible than those of existing employment relationships (see e.g. Bils, 1985; Haefke, Son-
ntag, and van Rens, 2013). The typical regression in these studies, estimating the wage
elasticity of new and existing workers, is given by

(43) Alogw;; = o +1;Alog(Yi/Ni) + €4,

where A indicates first differences, w;, are average wages of subgroup j of workers
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Figure 1: Labor market variables: data and model
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Notes: time-paths of variables in the “data” and in the model estimated using data on real GDP and
unemployment. All variables in log-deviations from their respective HP-filter trends.
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(j = all, new), «; is a group-specific intercept, Y;/N; is (aggregate) labor productivity
and €;, are group-specific residuals. The main coefficient of interest, the group-specific
wage elasticity, is ;.

We follow the above methodology in our model. We simulate our model 1,000
for 1,600 periods, dropping the first 1,000 periods in each simulation. This leaves us
with 600 periods, corresponding to 50 years of data, roughly the sample period used
in the above studies. Using this simulated data, we estimate the regression defined in
(43) in each of the 1,000 simulations. As in the above studies, we define newly hired
workers as those with less than three months’ tenure. The values reported below are
the average values of n; over the 1,000 simulations.

The model predicts that while the wage elasticity for all workers is about one half,
Nay = 0.51, that of new hires is around 1.5 times higher, 7,., = 0.86. These values
are consistent with the range of estimates found in existing studies.* Therefore, the
micro-founded distinction between new and existing matches — which is key to the
model’s dynamics — is not only qualitatively but also quantitatively plausible.
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