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Abstract

We introduce dynamic learning in the static search-theoretic framework of im-
perfect competition of Butters (1977), Varian (1980) and Burdett and Judd (1983).
We consider two forms of learning: memory and word of mouth. In the model with
memory, long-lived buyers not only learn about some new sellers in every period, but
they also remember some of the sellers about which they learned in the past. In the
model with word of mouth, short-lived buyers not only learn about sellers through
search, but they also learn about sellers by talking to previous buyers, which refer
them to the best seller of which they are aware. Both models are tractable. We
establish the existence and uniqueness of equilibrium and characterize the dynamics
of the product market. Memory increases the quantity of information available to
buyers and, for this reason, leads to higher concentration and competition. Word
of mouth increases the quality of information available to buyers and, for this rea-
son, leads to higher concentration, but does not increase competition as much as
memory.
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1 Introduction

The paper contributes to the development of the search-theoretic model of imperfect
competition in product markets of Butters (1977), Varian (1980), and Burdett and Judd
(1983). The simple idea behind the search-theoretic model of imperfect competition is
that, due to information or physical frictions, buyers cannot purchase from any seller in
the market but only from a discrete subset of sellers. Since buyers have a limited choice
set, the equilibrium of the market is imperfectly competitive—where the extent of actual
competition depends on the distribution of the size of buyers’ choice sets. The model has
been fruitfully applied to study price dispersion (e..g., Sorensen 2000, Galenianos et al.
2010, Kaplan and Menzio 2015, Kaplan et al. 2019), price stickiness (Head et al. 2012,
Burdett and Menzio 2018), the variation of markups across groups of buyers (Pytka 2017,
Nord 2023) and over time (Kaplan and Menzio 2016), specialization patterns (Menzio
2023), and store locations (Cai et al. 2023). These applications, even those that are
explicitly dynamic, assume that the quantity and the quality of the information possessed
by buyers about sellers does not improve over time. The assumption keeps the model
static, and the analysis of equilibrium simple. The assumption, however, may not be a
good description of product markets in which buyers are long-lived, or markets in which

buyers can gather information from others who were in the market before them.

In this paper, we contribute to the development of the search-theoretic framework
of imperfect competition by introducing learning. We consider two forms of learning:
memory and word of mouth. In the model with memory, we consider a version of the
framework in which long-lived buyers not only learn about some new sellers in every
period, but they also remember some of the sellers that they contacted in the past. As
a result of this process of private learning, the quantity of information that buyers have
about sellers increases over time. In the model with word of mouth, we consider a version
of the framework in which short-lived buyers not only learn about sellers through search,
but they also learn about sellers from talking to previous buyers, which refer them to
the best seller of which they are aware. As a result of this process of social learning, the
quality of the information that buyers have about sellers increases over time. Both types
of learning lead to non-trivial, albeit different, market dynamics.

In Section 2, we consider a version of the search-theoretic model of imperfect compe-
tition in which buyers have memory. Specifically, we consider a product market that is
populated by a continuum of long-lived sellers and by a double continuum of long-lived
buyers. Sellers are heterogeneous with respect to the quality of their variety of the prod-
uct. In every period, sellers post prices. Buyers are ex-ante homogeneous and demand
one unit of the product per period. In every period, buyers search the market and contact
m new sellers, where m is distributed as a Poisson with some coefficient ;1. Buyers also
have a probability 1 — ¢ of remembering a seller that they had contacted in the past.

We show that equilibrium exists and is unique. The dynamics of equilibrium are



driven by the evolution of the number nt of sellers in the choice set of buyers, which is
distributed as a Poisson with a coefficient A\; that is equal to (1 — 0)A\;—1 + p. Since X,
is strictly increasing over time, the choice set of buyers expands and the market becomes
progressively more competitive. The increase in competition induces sellers to lower prices.
The increase in competition allows buyers to purchase the good from sellers with higher
quality, since sellers with higher quality offer higher surplus to buyers. While competition
increases over time, we show that the market does not become perfectly competitive as
long as buyer’s memory is imperfect. Intuitively, as long as memory is imperfect, each
seller has a strictly positive probability of meeting a captive buyers and, hence, can always
secure itself strictly positive profits. We also show that the price distribution in any period
is strictly decreasing, in the sense of first-order stochastic dominance, with respect to the
buyers’ memory 9.

We also consider a version of the memory model in which buyers enter and exit the
market. The properties of equilibrium described above carry over. In addition, this version
of the model allows us to study the dynamics of individual buyers independently from
the dynamics of the market. We show that the surplus captured by a buyer is higher, in
expectation, the longer the buyer has been in the market. We show that a buyer purchases
from higher quality sellers, in expectation, the longer the buyer has been in the market.
In realization, however, a buyer may experience both declines and increases in its terms
of trade.

In Section 3, we consider a version of the search-theoretic model of imperfect competi-
tion with word of mouth. Specifically, we consider a product market that is populated by
a continuum of long-lived sellers and by a double continuum of short-lived buyers. Sellers
are heterogeneous with respect to the quality of their variety of the product. In every
period, sellers post prices. Buyers are homogeneous and demand one unit of the good.
In every period, buyers search the market and contact m sellers, where m is distributed
as a Poisson with coefficient . Buyers also meet r old buyers, where r is distributed as
a Poisson with coefficient p. When new and an old buyers meet, the old buyers tell the

new buyers about the best seller they have met when they were in the market.

We show that equilibrium exists and is unique. The dynamics of equilibrium are driven
by the evolution of the distribution of sellers from which buyers sample through word of
mouth. Buyers active in period ¢ sample m sellers through search from the distribution
of sellers, and they sample r sellers through word of mouth from the distribution of the
highest quality seller known to buyers in period ¢ — 1. Buyers active in period ¢ purchase
the good from the highest quality seller among those contacted through search and those
contacted through word of mouth. Along the equilibrium, the distribution of the highest
quality seller known to buyers in period t is better than the distribution of the highest
quality seller known to buyers in period ¢ — 1. Therefore, over time, the size of the
buyers’ choice sets does not increase, but its quality does. The increase in the quality
of the buyers’ choice sets leads to higher sales concentration—just as memory does. The



increase in the quality of the buyers’ choice sets does lead to low prices to the same degree
as memory. Specifically, we show that, for the same level of sales concentration, prices in
the model with word of mouth are always higher than prices in the model with memory.

2 Memory

In this section, we construct a version of the search-theoretic model of Butters (1977),
Varian (1980) and Burdett and Judd (1983) in which buyers have memory about sellers
about which they learned in the past. We construct the model so that, even though buyers
and sellers are long-lived, the buyer’s problem of choosing where to purchase the good
is static, and the seller’s problem of choosing what price to post is static. We establish
that the equilibrium exists and is unique and we characterize the evolution of equilibrium

outcomes over time.

2.1 Environment

We consider the market for some consumer good. On one side of the market, there is a
measure 1 of infinitely-lived sellers. Sellers are heterogeneous with respect to the quality y
of their variety of the good.! The distribution of sellers with respect to y is given by a twice
differentiable cumulative distribution function ®(y), with support [y, yn], 0 < y¢ < yp. A
seller produces its variety of the good at a constant marginal cost, which we set to 0 for
the sake of simplicity.? In every period t = 1,2, ..., the seller posts a price p for its variety
of the good.? If the seller trades ¢ units of the good at the price p, its periodical profit is

qp.

On the other side of the market, there is a measure b of infinitely-lived buyers per

'We assume that sellers are heterogeneous with respect to the quality of their variety of the product. In
a version of the model with homogeneous sellers, the price posted by an individual seller is indeterminate,
since the equilibrium involves sellers mixing over prices according to an equilibrium distribution. In a
version of the model with heterogeneous sellers, the price posted by an individual seller is uniquely
pinned down. Heterogeneity purifies mixed strategies. The reader is free to interpret the heterogeneity
in the model as a purification device, in which case the reader can take the extent of heterogeneity to
be arbitrarily small, or as economically meaningful heterogeneity, in the sense that some sellers carry a
better variety of the product than others. Supporting the second interpretation, Albrecht, Menzio and
Vroman (2023) show that, if sellers can invest in the quality of their product, the unique equilibrium of
the model features heterogeneity.

2The assumption that the marginal cost of production is 0 is made for the sake of algebraic simplicity,
and all the results presented in the paper extend trivially to the case in which the marginal cost of pro-
duction is strictly positive. The assumption that the marginal cost of production is constant, rather than
strictly increasing, is substantive. Menzio (2023) shows that the structure of equilibrium is qualitatively
different when sellers operate a production function with decreasing rather than constant returns to scale.

3We assume that a seller can only post a price. A seller cannot post more a schedule of prices in an
attempt to discriminate buyers. Specifically, a seller is not allowed to post a price schedule p(h;), where
the price paid by the buyer depends on its purchasing history h;. The assumption seems natural in the
context of retail markets.



seller.*

Buyers are ex-ante homogeneous. In every period ¢, a buyer demands one unit
of the good. If the buyer purchases a variety of the good of quality y at the price p, its
periodical utility is y — p. If the buyer does not purchase the good, its periodical utility
is 0.

The product market is frictional, in the sense that a buyer cannot purchase the good
from any seller in the market, but only from those sellers with which it is in contact. At
the beginning of each period ¢, a buyer is in contact with n;_; sellers. During period ¢, the
buyer permanently loses contact with one of the n, ; sellers with probability § € [0, 1].
During period t, The buyer contacts m; additional sellers, where m; = 0,1, 2,... is drawn
from a Poisson distribution with coefficient © > 0. At the end of period ¢, the buyer
chooses whether and where to purchase the good among the sellers with which it is in
contact. In period 1, buyers enter the market without any contacts.

The environment described above is quite natural. In every period, buyers search
the market and discover m sellers. Buyers are also aware of the sellers that they have
discovered in the past. The ability of buyers to remember sellers that they have discovered
in the past is limited by the fact that a buyer “forgets” about a previously discovered
seller with probability 6. If 6 = 1, buyers have no memory, and the environment is
the same as in Butters (1977), Varian (1980) and Burdett and Judd (1983). If 6 = 0,
buyers have perfect memory. If § € (0, 1), buyers have some memory, but their memory
is imperfect. The parameter § may be interpret literally as the probability that a buyer
forgets about a seller. The parameter § may also capture the probability of a negative
shock to a time-varying, match-specific component of the gains from trade between the
buyer and the seller that drives the gains from trade to zero. Notice that buyers have the
same probability of “forgetting” a seller whether or not they purchased the good from
it. This assumption is the polar opposite of the assumption made in the search model of
imperfect competition in the labor market of Burdett and Mortensen (1998). Indeed, in
this model, workers are assumed to have no memory of any of the previously contacted
firms, except for the firm at which they are currently employed. This assumption greatly
simplifies the analysis of equilibrium, as it makes the buyer’s choice of where to purchase
the good static.

4We assume that the market is populated by a continuum of sellers and a double continuum of buyers.
If we were to assume that the market is populated by a continuum of sellers and a continuum of buyers,
the actual number of buyers that meet an individual seller and, in turn, the actual number of trades
made by an individual seller would be a random variable. The realization of the random variable would
be informative about the choice set of the buyers that purchased the good from the seller and, in turn,
the seller would use this information to set its price in the next period. For instance, if the seller made
more trades than expected, the seller would infer that it is in contact with a larger than expected number
of buyers for which the seller is the most attractive choice. Since the identity of the sellers in the buyers’
choice sets is persistent, the seller could use this information to set its price in the next period. In
contrast, under the assumption of a double continuum of buyers, the measure of buyers that meet an
individual seller is deterministic and so are the measure of trades made by the seller. Therefore, the seller
cannot infer anything about buyers from observing the quantity of the good that it has traded.



2.2 Equilibrium

In order to characterize equilibrium, we start by analyzing the properties of the buyer’s
choice set. At the beginning of period 1, a buyer enters the market without any contact.
During period 1, the buyer searches the market and comes into contact with m; sellers,
where m; is a Poisson random variable with coefficient ;. Hence, at the end of period
1, the buyer can purchase the good from n; = m; sellers. At the beginning of period 2,
the buyer is in contact with n; sellers. During period 2 and for each one of the n; sellers,
the buyer has a probability § of losing contact with the seller, and a probability 1 —
of staying in contact with the seller. Let ny denote the number of sellers with which the
buyer remains in contact. During period 2, the buyer searches the market and comes into
contact with my additional sellers, where ms is a Poisson random variable with coefficient
1. Therefore, at the end of period 2, the buyer can purchase the good from ny = ng + mso
sellers. The buyer keeps adding and losing contacts in the same way in period ¢t = 3,4, ...

By assumption, the number of buyer’s contacts n; is distributed like a Poisson with
coefficient ;1. The next lemma establishes that the number of buyer’s contacts n; is
distributed like a Poisson also in any period t = 2,3,4,... . There is a simple logic
behind this result. If the buyer enters period ¢ with a number of contacts n;_; that
is Poisson with coefficient \;_; and each contact is maintained with probability 1 — 9,
the number of contacts n; maintained by the buyer is distributed like a Poisson with
coefficient (1 — 0)A;_1. In turn, if the number of contacts 7; maintained by the buyer is
distributed like a Poisson with coefficient (1 — §)\;_; and the buyer contacts a number
m, of additional sellers that is distributed like a Poisson with coefficient p, the buyer’s
number n; of contacts at the end of period ¢ is Poisson with coefficient \;, where \; is
given by p+ (1 —0)Ai—1.

Lemma 1: The number n; of buyer’s contacts in period t = 1,2, ... is distributed as a
Poisson with coefficient Ny, where \; is given by

M=pd o (16 (2.1)

Proof: Suppose that the buyer enters the period with n contacts, where n is Poisson
with some arbitrary coefficient v > 0. Moreover, suppose that the buyer maintains a
contact with probability 1 — ¢ and loses a contact with probability ¢, with § € [0,1]. Let
n denote the number of contacts retained by the buyer. The probability that n equals



k=0,1,2,..n is given by

X eI |
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The expression in the first line of (2.2) is easy to understand. The probability that n = k
is equal to the sum of the probability that the buyer enters the market with n contacts
and retains k of them, for n = k, k + 1,k + 2,.... The first term on the right-hand side of
(2.2) is the probability that the buyer enters the market with n contacts, given that n is
distributed as a Poisson with coefficient 7. The second term is the probability that the
buyer maintains exactly k of its n contacts, given that the buyer retains a contact with
probability d. The second line of (2.2) is obtained by collecting terms. The third line of
(2.2) follows from the fact that the summation in the second line is equal to 1. The third
line reveals that 7 is distributed like a Poisson with coefficient v(1 — §).

Next, suppose that the buyer retains a number n of old contacts, where n is Poisson
with some arbitrary coefficient 4 > 0. Moreover, suppose that the buyer makes m new
contacts, where m is Poisson with coefficient > 0. Let n, denote the total number of
contacts of the buyer. The probability that n, equals k is given by

k e~ VA etk
Pr(n = k) =) — (k —n)!

n=0

The expression in the first line of (2.3) is easy to understand. The probability that the
buyer has k total contacts is equal to the sum of the probability that the buyer retains n
contacts and adds k —n new contacts, for n = 0, 1, 2....k. The first term on the right-hand
side of (2.3) is the probability that the buyer retains 7 contacts, given that n is distributed
as a Poisson with coefficient 4. The second term is the probability that the buyer adds
m = k — n contacts, given that m is Poisson with coefficient ;. The second line of (2.3)
is obtained by collecting terms. The third line of (2.3) follows from the fact that the
summation in the second line is equal to 1. The third line reveals that n, is distributed
like a Poisson with coefficient 4 + .

By assumption, n; is Poisson with coefficient A\; = p. From the above observations,



it follows that ng is Poisson with coefficient A;(1 — ) and, in turn, ny is Poisson with
coefficient Ao = A;(1 — §) + p. Similarly, it follows that 73 is Poisson with coefficient
Ao(1 —0) and, in turn, ng is Poisson with coefficient A\3 = Ag(1 — ) + p. In general, 7, is
Poisson with coefficient A\;_1(1—¢), and n; is Poisson with coefficient \;, = A\;_1(1—9) + p.
|

Having characterized the properties of the buyer’s choice set, we can now examine the
problem of a buyer. In period ¢, the buyer is in contact with n; sellers. For each of these
sellers, the buyer observes the quality y of their variety of the product and the price p that
they charge. The buyer’s decision affects its payoff in the current period. In particular, if
the buyer purchases a variety of the good of quality y at the price p, the buyer enjoys a
payoft of y — p in the current period. If the buyer does not purchase the good, the buyer
enjoys a payoff of 0 in the current period. The buyer’s decision does not affect the buyers’
future payoffs. The buyer’s decision does not affect the buyer’s contacts in the future
(since the buyer is equally likely to remember a seller from which it has purchased the
good as a seller from which it has not purchased), nor does it affect the buyer’s prices in
the future (since sellers are not allowed to discriminate based on the purchasing history
of a buyer). The buyer’s problem is static, and it simply involves comparing the surplus
s = y — p offered by the n; sellers and the payoff from not purchasing the good. Obviously,
the solution to the buyer’s problem is such that the buyer purchases from the seller that
offers the highest surplus s if such surplus is positive, and the buyer does not purchase
the good if s is strictly negative. If the highest positive surplus s is offered by multiple
sellers, the buyer purchases the good from any of them with equal probability.

We now turn to examine the problem of a seller with a variety of quality y in period t.
The seller has to decide the price p for its variety of the good or, equivalently, the surplus
s = y — p offered to buyers. The seller’s decision has no effect on the seller’s demand in
the future, since the measure and the distribution of buyers that come into contact with
the seller in the future is independent of the seller’s current price. The seller’s decision has
no effect on the seller’s ability to set prices in the future, since the current price does not
restrict the seller’s future prices. Therefore, the seller’s problem is static, and it amounts

to choosing s to maximize profits in period ¢.

For any s > 0, the seller’s profit in period ¢ is given by

s) = [Z bkm,t(s)] (y—s), (2.4)

where
N 2.5
b, = b— .
it (k+1)! (k+1), (2:5)
and
—J)! IR (s—)k—3
Wk}t(s) — + Z j .] gt ) t(S ) . (2-6)
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Let us explain the expressions above. The seller meets a measure by of buyers that
are in contact with k other sellers, with £ = 0,1,2... The measure of buyers b;; who
have k other contacts is given by (2.5), which is the measure of buyers that have k + 1
contacts, given that the number of contacts of each buyer is Poisson with coefficient A,
multiplied by k + 1, the number of contacts for each one of these buyers. A buyer with &
other contacts purchases from the seller with probability 7y ,(s). The probability 7 .(s) is
given by (2.6), where Fj(s) denotes the cumulative distribution function of surplus offered
by sellers, Fi(s—) denotes the left limit of F; and is the fraction of sellers offering strictly
less than s, and (,(s) denotes the fraction of sellers that offer s. The probability 7y +(s)
is the sum of the probability of two events. The first event is that the buyer’s k other
contacts offer a surplus strictly smaller than s. The second event is that j of the buyer’s k
other contacts offer a surplus equal to s and k — j of them offer a surplus strictly smaller
than s and the buyer breaks the indifference in favor of the seller. The seller’s periodical
profit in (2.4) is given by the number of buyers that purchase from the seller multiplied
by the seller’s profit per unit sold.

The next three lemmas are standard fare in the analysis of models in the style of
Butters (1977), Varian (1980), and Burdett and Judd (1983). The first lemma establishes
that the profit of the seller is strictly positive. The second lemma establishes that the
surplus distribution F;(s) cannot have any mass points. The third lemma establishes that
the support of the surplus distribution Fi(s) is an interval [s;, sp], with s+ = 0.

Lemma 2: For any y € [ye, yn|, the seller’s maximized profit is strictly positive.
Proof: If a seller with quality y € [y, ys] offers a surplus s equal to 0, its profit is

o0

Vi(y,0) = [Zkzobk,tﬂ'k,t(o) Yy

> bo,tﬂo,t(o)y

(2.7)

It is clear from (2.5) that by, > 0. That is, the seller meets a strictly positive measure
of buyers that are captive. It is clear from (2.6) that m,(0) = 1. That is, a captive
buyer purchases the good from the seller with probability 1. Lastly, since y € [y, y»] and
ye > 0, the seller makes a strictly positive profit per sale by offering a surplus of 0. These
observations imply that the second line in (2.7) is strictly positive and so is V;(y, 0). Since
offering a surplus of 0 is feasible but not necessarily optimal, it follows that the seller’s
maximized profit is strictly positive. W

Lemma 3: The equilibrium surplus distribution Fy(s) does not have mass points.

Proof: On the way to a contradiction, suppose that the distribution Fi(s) has a mass
point at some surplus sg. Let yy denote the quality of one of the sellers offering sy. From
Lemma 2, it follows that 3y > so.

By offering the surplus sg, the seller enjoys a profit of

Vi(4o, 50) = [ZOO bk7t7rk,t(30)] (Yo — s0)- (2.8)

k=0



By offering a surplus of so + €, with € > 0, the seller enjoys a profit of
Vi(yo, 80 + €)
- ZZOZO b7kt (S0 + 6)] (Yo — so — €)
Z:O:O bk,m,t(so)} (yo — 50— €) (2.9)

[ (S 2t ()

where the inequality in the third line follows from the fact that buyers that have j other

v

contacts offering sy and k — j other contacts offering strictly less than sq purchase the
good from the seller with probability less than 1 if the seller offers sy and with probability
1 if the seller offers sy + €. Since (,(s) > 0, the difference in trading probability in the
fourth line of (2.9) is strictly positive. Also, the difference in the trading probability in
the fourth line is independent of €. Since sg < 1o, there is some € small enough such that
Vi(yo, o + €) is strictly greater than V;(yo, So). Since a seller must maximize its profit and
Vi(vo, So + €) > Vi(yo, S0), a seller with quality yo cannot offer the surplus so. Therefore,
F,(s) cannot be an equilibrium distribution. W

Since the surplus distribution does not have any mass points, (,(s) = 0 and Fy(s—) = Fi(s)
for all s. Using these observations, we can simplify (2.4) as

oo e"\’f/\f;“L1
Vily,s) = [Zko bm(k’ + 1)Ft(3)k} (y—s)
oo e MHENTE(s)F (2.10)
_ _)\t /\tFt(S) € t t _
= bhe e [ZH I ] (y—s)

= b\ e MR (g — ).

The first line is obtained by substituting by ; and 7 +(s) from (2.5) and (2.6) into (2.4),
and by using the fact that (,(s) = 0 and Fi(s—) = Fi(s). The second line is obtained
by collecting terms. The third line is obtained by recognizing that the summation in the
second line is equal to 1.

Lemma 4: The support of the equilibrium surplus distribution Fy is an interval [Set, Spi,
with spy = 0.

Proof: We first establish that the support of F} is an interval [sg, sp¢|. On the way to a
contradiction, suppose that the support of F; has a gap between sy and s, with s¢ < sq,
and sg and s; both on the support of F;. Let y; denote the quality of a seller that offers
the surplus s;. The profit of this seller is given by

W(yl, 81) = b)\t€_>\t(1_Ft(sl))(y1 — 81)_ (211)



If the seller offers the surplus sg, the seller’s profit is given by

Vi(yr,s0) = bhe MU Fl0) (y) — 4)
= b\eMA-EGD) (1 — 50) (2.12)
> bAte_At(l_Ft(Sl))(yl - 31) = V;‘/(yla 31)7

where the second line follows from the fact that F'(s;) = F'(so), and the third line follows
from the fact that sy < s;. Since a seller must maximize its profit and V;(yi,sq) >
Vi(y1, 51), a seller with quality y; cannot offer the surplus s;. Therefore, F(s) cannot be
an equilibrium distribution.

Next, we establish that s;; = 0. On the way to a contradiction, suppose sg; < 0. Let
yo denote the quality of a seller that offers the surplus s;;. The seller attains a profit
Vi(yo, se+) equal to 0, since no buyer purchases the good for a strictly negative surplus. If,
however, the seller were to offer a surplus of 0, it would attain a profit V;(yo,0), which is
strictly positive by Lemma 1. Therefore, s, cannot be strictly negative. Next, suppose
ser > 0. Let yo denote the quality of a seller that offers the surplus s;;. The seller attains
a profit Vi(yo, set) equal to bA\;exp(—A)(yo — see). If, however, the seller were to offer a
surplus of 0, it would attain a profit V;(yo,0) equal to b\; exp(—X\;)yo, which is strictly
greater than V;(yo, s¢+). Therefore, sy; cannot be strictly positive. Combining the above
observations yields s;; = 0. W

The next lemma establishes that the surplus offered by a seller is a strictly increasing
function of the seller’s quality. The finding is intuitive. The benefit of increasing the
surplus s offered to buyers—which is to the increase the quantity of the good sold—is
strictly greater for a seller with a variety of the good of higher rather than lower quality,
since the profit per sale enjoyed by a seller is strictly increasing in y.

Lemma 5: In equilibrium, the surplus offered by a seller is a strictly increasing function
si(y) of its quality.

Proof: The proof has two parts. The first part establishes that surplus offered by a seller
is strictly increasing in the seller’s quality. The second part establishes that the mapping
between the seller’s quality and the surplus is a function, in the sense that every seller

with the same quality offers the same surplus.

(i) Consider a seller with quality yo and a seller with quality y;, with yo < y;. Denote as
so the surplus offered by the seller with quality 1, and denote as s; the surplus offered by
the seller with quality ;. Since the seller with quality y, enjoys a higher profit offering
sg rather than s;, we have

b)\te_A(l_Ft(SO))(yo — Sp) > b)\te_A(l_Ft(sl))(yo — 51). (2.13)
Since the seller with quality y; enjoys a higher profit offering s; rather than sq, we have

DA e MITEED) () 51) > e MITF0) (1) 5p). (2.14)
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Combining (2.13) and (2.14) yields

{e—kt(l—Ft(Sl)) _ e—At(l—Ft(So))] (y1 — o) > 0.

Since y; > yo and Fy(s) is strictly increasing in s, (2.16) implies that s; is greater or equal
to so. Now, suppose that so = s; = s. Then, every seller with quality y € (yo,y1) must
offer the surplus s and, hence, there is a mass point in the surplus distribution F};, which
contradicts Lemma 3. Hence, it must be the case that s; is strictly greater than s,.

(ii) On the way to a contradiction, suppose that there is a seller with quality y, that offers
the surplus sg and another seller with quality yo that offers the surplus sy, with sy < s;.
Every seller with quality y > yo must offer a surplus strictly greater than s;. Every seller
with quality y < yo must offer a surplus strictly smaller than sg. Therefore, F;(sy) must
be equal to Fi(sy) or, in other words, there must be a gap on the support of F; between
sg and s, which contradicts Lemma 4. W

The necessary condition for the optimality of the surplus s;(y) offered by a seller of
quality y is

bAge MUIFEWINFY (50(y)) (y — s1(y)) — bAe™ MU W) = g, (2.16)

The first term on the left-hand side of (2.16) is the marginal benefit of offering buyers an
additional unit of surplus, which is given by the increase in the volume of sales multiplied
by the profit per sale. The second term on the left-hand side of (2.16) is the negative of
the marginal cost of offering buyers an additional unit of surplus, which is given by the
reduction in profit per sale multiplied by the volume of sales. The optimality condition
(2.16) states that the marginal benefit of offering an additional unit of surplus must be
equal to the marginal cost.

The surplus distribution F; is such that

Fi(si(y)) = @(y). (2.17)

The left-hand side of (2.17) is the fraction of sellers that offer surplus smaller than s,(y).
The right-hand side of (2.17) is the fraction of sellers with a quality smaller than y. Since
s¢(y) is strictly increasing function, the left and the right-hand sides of (2.17) must be
equal for every y.

Differentiating (2.17) with respect to y implies that F/(s:(y))s;(y) is equal to ®'(y).
Combining this observation with (2.17) allows us to rewrite (2.16) as

s:(y) = ' (y) My — s:(y))- (2.18)

The expression above is a differential equation for the surplus function s;(y). The relevant
solution of the differential equation satisfies the boundary condition s;(y,) = 0, since
Lemma 4 guarantees that the lowest surplus on the distribution F} is 0, and Lemma 5
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guarantees that the seller than offers the lowest surplus on the distribution F; is the seller

with the lowest quality .

The analysis above identifies a unique candidate equilibrium, which is given by the
solution to the differential equation (2.18) together with the boundary condition s;(y,) =
0. To verify that the candidate equilibrium is an equilibrium, consider a seller with an
arbitrary quality yo € [ye, yr]. In the candidate equilibrium, the seller offers the surplus
st(yo), where s;(yo) satisfies the optimality condition (2.16). In the candidate equilibrium,
the seller makes a strictly positive profit. The seller does not want to deviate and offer a
surplus § that is strictly negative, since by doing so its profit would be zero. The seller
does not want to deviate and offer a surplus § € [0, s;(yo)). In fact, § = s;(9) for some
7 < yo and, hence, the derivative of the seller’s objective function (2.16) is equal to zero
for g, and strictly positive for . Similarly, the seller does not want to deviate and offer a
surplus § € (s¢(yo), $¢(yn)]. Finally, the seller does not want to deviate and offer a surplus
§ > s4(yn), since in doing so it would attain a profit that is strictly smaller than by offering
the surplus s:(yp).

We have thus established the existence and uniqueness of equilibrium.

Theorem 1: (Existence and uniqueness of equilibrium with memory) An equilibrium
exists and is unique. For t = 1,2, ..., equilibrium is given by a surplus function s;(y) that

satisfies the differential equation (2.18) together with the boundary condition s;(y;) = 0.

2.3 Market dynamics

In this subsection, we characterize the dynamics of equilibrium. In particular, we are
interested in the evolution of the distribution of surplus offered by sellers, the distribution
of prices posted by sellers, the distribution of transactions across sellers and the evolution

of sales concentration.

The dynamics of equilibrium are driven by the accumulation of the amount of informa-
tion that buyers have about sellers in the market. In period ¢, a buyer is in contact with n;
sellers, where n; is distributed like a Poisson with coefficient );. In period ¢+ 1, a buyer is
in contact with n,,; sellers, where n,, is distributed like a Poisson with coefficient A\, ;.
From Lemma 1, we know that \; and )\, are respectively given by

No=p Zzzl(l — o)t (2.19)

and t+1
Aip1 = “Zizl(l — §), (2.20)
Subtracting (2.19) from (2.20) yields

/\t+1 — )\t = /J(]. — (S)t (221)

As long as buyers have some memory of past contacts, in the sense that § < 1, the
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expression in (2.21) shows that ), is strictly increasing over time. Since the coefficient \;
is equal to the buyer’s average number of contacts in period ¢, the fact that \; is strictly
increasing over time means that, on average, buyers are in contact with an increasing
number of sellers.

As buyers accumulate contacts, the market becomes more competitive and, for this
reason, the surplus offered by sellers increases and, for the same reason, the prices posted
by sellers decline. In order to formalize this observation, note that the distribution of
surplus offered by sellers, F(s), is given by

Fi(s) = @(yi(s)), (2.22)

where y;(s) is a strictly increasing function that denotes the inverse of the surplus function
s¢(y). Similarly, the distribution of prices posted by sellers, G;(p), is given by

G- | @ (2.23)

where p;(y) is the price function defined as p;(y) = y — s¢(y). Note that, even though the
surplus function s;(y) is strictly increasing in y, the pricing function need not be strictly
increasing or strictly decreasing in 3.5 Therefore, the price distribution Gy(p) has to be
written as an integral of the quality density ®'(y) over the qualities y such that p;(y) is
smaller than p.

Proposition 1: (Surplus and price dynamics) For any 0 € [0,1), the surplus distribution
Fy(s) is strictly decreasing in t, and the price distribution G(p) is strictly increasing in
t.

Proof: The surplus function s;(z) and the surplus function s;,1(x) are respectively given
by

si(y) = (W) Aly — se(v)), (2.24)
and

st1(y) = ' (W) A1 (y — s (y)), (2.25)

together with the boundary conditions s;(y,) = 0 and s441(ys) = 0.

Notice that the surplus function s,.1(y) is strictly greater than s;(y) for every vy € (y¢, yn.
To see why this is the case, the following two observations are sufficient. First, notice that
si+1(y) = si(y) implies s; 4 (y) > si(y), since A1 > Ay. In turn, this implies that s.41(y)
can equal s;(y) at most once, say for y = y., and that s, 1(y) > si(y) for all y > y..
Second, notice that s;y1(ys) = s¢(y¢). Taken together, these two observations imply that
se11(y) > si(y) for all y € (yo, yn.

Since the surplus function s;i1(y) is strictly greater than s,(y), it follows from (2.22)
that Fy11(s) < Fi(s). Since s;11(y) is strictly greater than s,(y), the price function

SIf the extent of heterogeneity in the sellers’ quality is small enough, the pricing function p:(y) is
strictly decreasing in y.
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pir1(y) = y — s441(y) is strictly smaller than py(y). It then follows from (2.23) that
Gii(p) > Gi(p). W

As buyers accumulate contacts, they are not only offered more surplus by each seller,
but they also get to purchase the good from sellers that offer more surplus, which are
those that carry a variety of the good of higher quality. Both the increase in the surplus
offered by each seller of a given quality y and the shift of transactions from low to high-
surplus sellers (or, equivalently, from low to high-quality sellers) contribute to increase
the buyer’s surplus. In order to formalize the observation that transactions move towards
better sellers, let H,(y) denote the fraction of transactions at sellers with quality smaller
than y. Note that H;(y) is given by

J2 D00 )
= T e B ()
e~ M(1=8W) _ o=

1—e M ’

Hy(y)
(2.26)

where the first line uses the fact that a seller with quality y trades bA; exp(—A(1 — P (y)))
units of the good, and the second line is obtained by solving the integrals in the first line.
Proposition 2: (Transaction dynamics) For any § € [0,1), the distribution of transac-
tions across sellers of different quality, H,(y), is strictly decreasing in t.

Proof: For v > 0, let h(y) be defined as

677(171‘) — 87’7

W)= ¢ (2.27)

1—e™
The derivative of h(+) with respect to 7 is given by

e [1 —ze 712 — (1 — g)e*
W (y) = 1 (1_6_7)2(1 )] (2.28)

The term in square brackets at the numerator of (2.28) determines the sign of A/(7).
The term takes the value 0 for x = 0, it takes the value 0 for x = 1, and it is strictly
convex with respect to x for all € (0,1). Therefore, the term in square brackets is
strictly negative for all = € (0, 1) and, in turn, A/(y) is strictly negative for all x € (0, 1).
Since Hy(y) = h(\) and Hyyq(y) = h(Ag1) for z = ®(y) and Ay < Ayyq, it follows that
Hia(y) < Hy(y) for all y € (y, yp). W

As shown in Proposition 2, the distribution of transactions moves towards higher qual-
ity sellers as buyers accumulate contacts. Since high quality sellers trade more than low
quality sellers, trade becomes more concentrated as buyers accumulate contacts. This
finding may appear surprising, since the market becomes progressively more competitive.
Indeed, it is true that, as buyers accumulate contacts and their choice sets expand, the
increase in competition drives prices down. At the same time, though, as buyers accu-
mulate contacts and their choice sets expand, buyers can purchase the good from better
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sellers. Since all buyers have the same ranking over sellers, trade concentration increases.
Indeed, in a perfectly competitive version of the market, only the highest-quality seller
would trade.

To formalize the above observation, let Q;(x) denote the fraction of transactions made

by the fraction z of largest sellers. Since larger sellers are sellers with higher quality, Q(x)
is given by

Qi(x) =1 — Hi(y(1 — ), (2.29)

where y(x) denotes the quality of a seller at the z-th quantile of the distribution ®(y).
In Proposition 2, we established that H,1(y) < H(y) for all y € (ys,yn). Therefore,
Qi11(z) > Qu(x) for all z € (0,1).

Proposition 3: (Concentration dynamics) For any 0 € [0, 1), the fraction Q.(z) of sales
made by the fraction x of the largest sellers is strictly incraesing over time.

We now want to examine the role of memory in shaping the equilibrium of the product
market. Let us first compare the properties of equilibrium if buyers have some memory
of the sellers that they have contacted in the past, in the sense that 6 € [0,1), with the
properties of equilibrium if buyers have no memory, in the sense that 6 = 1. In period
1, the buyers’ number of contacts n is distributed as a Poisson with coefficient \; = p
whether buyers have memory or not. For this reason, in period 1, the surplus distribution,
the price distribution and the transaction distribution are the same whether buyers have
memory or not. Formally, F(s|0), G1(p|d) and H;(y|d) are independent of §. In periods
t > 2, memory matters. If § € [0,1), Ay > Aj, A3 > Ag, ete... If 0 = 1, Ay = Ay,
A3 = Ao, etc... For this reason, if 6 € [0,1), the market becomes more competitive,
the surplus offered by sellers increases, the prices posted by sellers decline, and buyers
shift their transactions towards from sellers with a lower quality to sellers with a higher
quality. Formally, F;(s|0) is strictly decreasing in ¢, G;(p|d) is strictly increasing in ¢, and
H(y|0) is strictly decreasing in ¢. If § = 1, the surplus distribution F;(s|0) remains equal
to Fi(s|d), the price distribution G¢(p|d) remains equal to G1(p|J), and the transaction
distribution Hy(y|d) remains equal to H;(y|d).

Next, let us compare the properties of equilibrium if buyers have better or worse
memory. That is, let us compare the equilibrium if buyers have memory ¢, or d,, with
01 < 02. In period 1, Fi(s|d1) = Fi(s|d2), G1(p|d1) = G1(p|d2) and Hi(y|d1) = Hi(y|o2).
In periods t > 2, )\, is strictly greater if buyers have better memory (d;) than it is if buyers
have worse memory (d2). Therefore, in any subsequent period, the surplus distribution is
higher, the price distribution is lower, and the transaction distribution is better if buyers
have better memory (d;) than if they have worse memory (d;). Formally, for ¢ > 2
Fi(s61) < Fi(s]02), G¢(p|d1) > Gi(p|d2) and Hi(y|d1) < Hi(y|oz).

The above observations are summarized in the following proposition.

Proposition 4: (Memory). Take any §; and 02, with 0 < 01 < dy < 1.

(i) In period 1, equilibrium surplus, prices and transactions are the same for §; and 02,
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in the sense that F(s|d1) = Fi(s]d2), G1(p|d1) = G1(p|o2) and Hy(y|d1) = H1(y|d2).
In period t > 2, equilibrium surplus is higher, prices are lower, and transactions are
better for §1 than dq, in the sense that Fy(s|01) < Fi(s|ds), Gi(p|o1) > Gi(pld2) and
Hy(ylo1) < Hi(yld2).

(ii) Let 09 = 1. Equilibrium surplus, prices and transactions are constant over time, in
the sense that Fy(s|d2) = Fi(s|02), Gi(p|d2) = G1(p|d2), and Hy(y|d2) = Hi(y|d2).

Lastly, we want to understand the limiting behavior of the product market. In particu-
lar, we want to understand whether the market eventually becomes perfectly competitive,
in the sense that every buyer purchases the good from the seller with the highest quality
at a price equal to the seller’s marginal cost. To understand the limiting behavior of the
product market, it is sufficient to examine the limiting behavior of \;. If buyers have
imperfect memory of sellers met in the past, in the sense that § € (0,1), \; is strictly
increasing and converges to \* = 11/d. Since ), is strictly increasing, the surplus offered by
sellers increases over time, the prices posted by sellers decline over time, and the distribu-
tion of transactions moves from lower to higher quality sellers. Since \* is finite, however,
the equilibrium does not become perfectly competitive. Indeed, since \* is finite, a seller
with any quality y € [y, yn] meets a strictly positive measure bA* exp(—A*) of captive
buyers and, hence, can guarantee itself a strictly positive profit. For this reason, the
surplus function s*(y) is such that s*(y) < y for all y € [y, ys], the price function p*(y) is
such that p*(y) > 0 for all y € [ys, yn], and the volume of sales, bA™ exp(—\*(1 — ®(y))),
is strictly positive for all y € [ye, yp].

2.4 Entry and exit of buyers

A natural extension of the model with memory is one in which buyers enter and exit
the market. In particular, we consider a version of the model described in Section 2.1
in which new buyers enter the market in every period, and old buyers exit the market
in every period. Specifically, we assume that there is a double continuum of buyers with
measure b > 0 per seller that enter the market in period ¢t = 1,2,.... We assume that a
fraction o € [0, 1] of buyers that were in the market in period ¢ — 1 permanently exit the
market in period t = 1,2, ... Since the market opens in period 1, initially all buyers are

new entrants.

Let us start by examining the population of buyers in the version of the model with
entry and exit. In period 1, the market is populated by a measure by = b of buyers that
have searched the market for one period. These buyers are in contact with n; sellers,
where n, is distributed as a Poisson random variable with coefficient A\; = p. In period
2, the market is populated by a measure by = b of buyers that have just entered the
market, and by a measure by = b(1 — o) of buyers that entered the market in period
1 and did not exit the market in period 2. The b; buyers with 1 period of experience

have n, contacts, where n, is Poisson with coefficient A\;. As shown in Lemma 1, the b,
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buyers with 2 periods of experience have ny contacts, where ns is Poisson with coefficient
Ay = g+ p(1 —4). In a generic period ¢, the market is populated by b; = b(1 — o) !
buyers that have been in the market for ¢ periods, with + = 1,2,...¢, and, hence, that
are in contact with n; sellers, where, as shown in Lemma 1, n; is distributed as a Poisson
with coefficient \; = MZ;’:1<1 — )",

As in the baseline model, the maximized profit for a seller with quality y € [y, ys] is
strictly positive (Lemma 2). As in the baseline model, the distribution Fi(s) of surplus
offered by sellers does not have any mass points (Lemma 3). Since the surplus distribution
Fy(s) does not have any mass points and the b; buyers with experience i are in contact
with a number of sellers distributed as a Poisson with coefficient \;, the profit for a seller
with quality y that offers the surplus s > 0 can be written as

Vily, s) = [Z;l bi)\ie_’\"(l_F‘(s))] (y — s). (2.30)

As in the baseline model, the support of the surplus distribution Fi(s) is an interval
[Se.ty Sht), with sp¢ = 0 (Lemma 4). Moreover, the surplus offered by a seller is a strictly
increasing function s,(y) of the quality y of the variety carried by the seller (Lemma 5).
Therefore, as in the baseline model, the fraction Fi(s,(y)) of sellers offering surplus smaller
than s,(y) is equal to the fraction ®(y) of sellers with quality smaller than y. That is,

Fi(s:(y)) = @(y). (2.31)

The necessary condition for the optimality of the surplus s;(y) offered by a seller of
quality y in period ¢ is

(X1 bATE (su(y))e MU Fl D] (y — s,(y))

2.32
= 2271 b \;e M= Fi(se(w), ( |

The left-hand side of (2.32) is the seller’s marginal benefit from offering an additional
unit of surplus to its buyers, which is given by the increase in the seller’s volume of trade
multiplied by the seller’s profit per trade. The right-hand side of (2.32) is the seller’s
marginal cost from offering an additional unit of surplus to its buyers, which is given by
the seller’s volume of trade.

Using (2.31) to substitute Fy(s;(y)) with ®(y) and F}(s,(y)) with ®'(y)/s}(y), we can
rewrite the optimality condition (2.32) as

si(y) = @' (y)Ae(y) (y — 5:(y)) (2.33)

where Ay(y) is given by

t
Zi:l bAIE] (s4(y))e = Filse @)
Zt b\ (1= Fu(se(v)))

i=1

Aily) = (2.34)
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The surplus function s;(y) must satisfy the differential equation (2.33), together with the
boundary condition s;(y,) = 0. The differential equation has the same structure as in the
baseline model, except that A;(y) takes the place of \;. It is easy to see that A;(y) is simply
a weighted average of the Poisson coefficient \; for buyers with experience i = 1,2,...1.

The unique candidate equilibrium of the product market is given by the solution s;(y)
of the differential equation (2.33) together with the boundary condition s;(y) = 0. Using
the same argument used for the baseline model, it is easy to verify that the candidate
equilibrium is indeed an equilibrium. Associated with the equilibrium surplus function
s¢(y), there are a surplus distribution F(s), a price distribution Gy(p), and a transaction
distribution Hy(y). The surplus distribution Fi(s) is given by

Fi(s) = @(yi(s)), (2.35)

where y;(s) is the inverse of the surplus function s;(y). The price distribution G,(p) is
given by

Gi(p) = / e ' (y)dy, (2.36)

where p;(y) is the pricing function y — s,(y). The transaction distribution Hy(y) is given

by
Z:Zl b; (e‘Ai(1—<I>(y)) _ 6—,\1-)

7
ijl bj (1 —e)

where the numerator in (2.37) is the quantity of the good traded by sellers with quality

Hy(y) = (2.37)

less than y, and the denominator in (2.37) is the quantity of the good traded by all sellers.

As in the baseline model, the market becomes more competitive over time because the
fraction of more experienced buyers increases over time. To formalize this intuition, it is

sufficient to examine the difference between A;.;(y) and A4(y), which can be written as

t

At+1(y) - At(y) = [Zizl (wi,tJrl - Wi,t) Ai| + Wt+1,t+1)\t+1, (238)
where N
bije T *W
Wi = — i€ (2.39)
D e hi0-2w)
Jj=1
and

b \eri1=2)
Wit+l = —741 (2.40)

Z‘ ) bi\je2i(1=2()
‘]:

If buyers have some memory, in the sense that § € [0,1), the average number \; of

contacts for a buyer is strictly increasing in the buyer’s experience i. If buyers have
a positive probability of staying in the market for multiple periods, in the sense that

o € [0,1), the measure of buyers b; = b(1 — ¢)"~! with experience i = 1,2, ...t is strictly
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positive, and so are w;; and w; ;1. Using these observations yields

Api(y) — Mey) = [2221 (Witp1 — wiy) )\i] + Wil g1 A1
> [Zle (Witp1 — wiy) )\t+1] + Wit 4141 (2.41)

- [25:1 (Witr1 — wig) + th,tH] Aiy1 = 0.

Specifically, the second line in (2.41) makes use of the fact that b; > 0 for i =1,2,...t + 1
and, hence, (2.39) and (2.40) imply that w; ;41 —w;y < 0 for ¢ = 1,2,...t. Moreover,
the second line makes use of the fact that A\, ; > A; for : = 1,2,...¢t. The third line
makes use of the fact that w;; and w; ;11 are weights, in the sense that ZEZI w;r =1 and

ZZE w;t+1 = 1 and, hence, the term in square brackets multiplying A4, is equal to 0.

Following the same arguments as in Proposition 1, it is easy to show that, since A;(y)
is strictly increasing in ¢, the surplus function s;(y) is strictly increasing over time. Since
s¢(y) is strictly increasing in ¢, it follows from (2.35) that Fi(s) is strictly decreasing in
t. Since s;(y) is strictly increasing in ¢, the price function pi(y) = y — s;(y) is strictly
decreasing over time. Therefore, it follows from (2.36) that G(p) is strictly increasing in
t. Following the same arguments as in Propositions 2 and 3, it is also easy to see that

Hy(y) is strictly decreasing in ¢t and, hence, trade concentration is increasing over time.
The above observations are summarized in the following proposition.

Proposition 5: (Market dynamics with entry and exit) Let o € [0,1) and 6 € [0,1).
The surplus distribution Fy(s) is strictly decreasing in t. The price distribution Gy(p) is

strictly increasing in t. The transaction distribution H,(y) is strictly decreasing in t.

If the buyers’ exit probability ¢ is equal to 1, the distribution of buyers across experi-
ence levels is degenerate, in the sense that by = b and b; =0 for : = 2,3, ...t + 1. It then
follows from (2.38) that A:y1(y) — At(y) = 0. It also follows from (2.34) that A:(y) = u
for t = 1,2,.... Hence, if 0 = 1, the surplus function s,(y), the price function p,(y), the
surplus distribution Fi(s), the price distribution G(p), and the transaction distribution
Hi(y) remain constant over time. Intuitively, if ¢ = 1, buyers cannot accumulate any
experience and, hence, the extent of competitiveness of the product market remains con-
stant over time and so do all the equilibrium outcomes. The same conclusions apply to
the case in which buyers have no memory (6 = 1), since in this case buyers do accumulate
experience but experience is worthless.

We now want to compare the properties of equilibrium if the buyers’ exit probability
is lower (o) or higher (03), given that buyers have some memory. In period 1, A;(y) =
1 irrespective of o and, hence, the equilibrium is the same whether the buyers’ exit
probability is lower (o7) or higher (o2). Formally, in period 1, Fi(s|oy) = Fi(s|oa),
G1(plo1) = Gi(plo2) and Hi(y|o1) = Hi(yloz). In any period ¢ > 2, Ai(y) is strictly
higher if the buyer’s exit probability is lower (o) than higher (o5), since the distribution
of buyers is tilted towards buyers with more contacts when the buyers’ exit probability is
lower. For this reason, in any period ¢t > 2, the market is more competitive if the buyer’s
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exit probability is lower. In turn, this implies that, in any period ¢ > 2, the surplus offered
by sellers is higher, the prices posted by sellers are lower, and the transactions are shifted
toward higher-quality sellers if the buyers’ exit probability is oy rather than o,. Formally,
for t > 2, Fi(s|o1) < Fi(s|oz2), Gi(plo1) > Gi(plo2) and Hi(y|o1) < Hi(yloz).

The above observations are summarized in the following proposition.
Proposition 6: (Exit). Take any 6 € [0,1) and any o1 and o4, with 0 < 01 < 05 < 1.

(i) In period 1, equilibrium surplus, prices and transactions are the same for o, and
o9, in the sense that Fy(s|o1) = Fi(s|o2), Gi(plo1) = Gi(plos) and Hi(yloy) =
Hi(yloa). In any period t > 2, equilibrium surplus is higher, prices are lower, and
transactions are better for oy than for oy, in the sense that Fi(sloy) < Fy(s|o2),
Gi(plo1) > Gilploz) and Hi(ylo1) < Hi(yloo).

(ii) Let oo = 1. Equilibrium surplus, prices and transactions are constant over time, in
the sense that Fy(s|os) = Fi(s|oz), Gi(ploz) = Gi(plos), and Hy(y|o2) = Hi(y|o2).

The limiting behavior of the product market is determined by the limiting behavior
of Ay(y). In the limit for t — oo, Ay(y) is given by

ST b1 - o) TINRE (si(y))je N O Fe )
lim A(y) = Jim = . (2.42)

t—00 feo Z b(l — O')i*].)\ie*)\i(l*Ft(st(y)))
i=1

Since A(y) is increasing in t, A;(y) converges to some finite A*(y) if and only if A:(y) is
bounded from above. For any o € (0, 1], the numerator is the sum of products between
a term that declines exponentially, (1 — ¢)'~!, and a term A? that is bounded above by
(pi)?. Therefore, the numerator in (2.42) is bounded from above. Since the denominator
in (2.42) is strictly increasing in ¢ and the numerator in (2.42) is bounded from above,
Ay(y) is bounded from above and, hence, A;(y) converges to some finite A*(y). For o = 1
and any 0 € (0,1], A;(y) is a weighted average of A; for i = 1,...¢. Since \; is bounded
above by /0, it follows that (2.42) is bounded from above, and, hence, A;(y) converges
to some finite A*(y).

From the above observations, it follows that the limiting behavior of the product
market remains imperfectly competitive as long as either buyers have imperfect memory;,
in the sense that § € (0, 1], or buyers have a strictly positive probability of exiting, in the
sense that o € (0,1]. In fact, if § € (0,1] or ¢ € (0,1], A;(y) converges to some finite
A*(y) and the equilibrium associated with a finite A*(y) is such that sellers enjoy a strictly
positive profit, prices are strictly greater than marginal cost, and all sellers, including
those with lower quality, trade the good. These findings are intuitive. If buyers have
imperfect memory, there is always a positive fraction of buyers that are captive. Hence,
sellers’ profits are always bounded away from zero and the market remains imperfectly
competitive. Similarly, if buyers have a strictly positive probability of exit, there is always
a positive fraction of buyers who have just entered the market and have limited contacts
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with sellers. Hence, sellers’ profits are always bounded away from zero and the market

remains imperfectly competitive.

Up to this point, we focused on the dynamics of the product market dynamics. First,
we showed that, as long as buyers have some memory and as long as buyers have a prob-
ability of exiting that is less than 1, the market becomes progressively more competitive
and, for this reason, the surplus offered by sellers increases over time, the prices posted by
sellers decrease over time, and the distribution of transaction moves from lower to higher
quality sellers. Second, we showed that, as long as buyers do not have perfect memory
or as long as buyers have a strictly positive probability of exiting, the market does not
become perfectly competitive.

The version of the model with entry and exit of buyers also allows us to study the
effect of experience on buyers’ outcomes independently from the dynamics of the product
market. To analyze the effect of experience, suppose that 6 € (0,1) and o € (0,1) and
that the market has reached its stationary limit.

Buyers with experience ¢ are in contact with n; sellers, where n; is distributed as a
Poisson with coefficient \;. Among the buyers with experience 7 that purchase the good,
the distribution of surplus is given by

R =[S0, e -
—AiF(s)

— {e—w—F*(s)) ZZ":O QT()\Z-F*(S))’“ — e—M] / [1—e] (2.43)

—Ai(1-F"(s))

_)\i

€ — €

1—e N

The numerator in the first line of (2.43) is the product between the probability that a
buyer has k contacts and the probability that all of its contacts offer less surplus than s,
summed over k = 1,2,..... The denominator in the first line of (2.43) is the probability
that the buyer has at least one contact and, hence, purchases the good. The second line
in (2.43) is obtained by algebraic manipulations. The third line is obtained by recognizing
that the summation in the second line is equal to 1.

Buyers with experience i+1 are in in contact with n;,; sellers, where n;; is distributed
as a Poisson with coefficient \; ;. Among the buyers with experience ¢ + 1 that purchase

6We focus on the stationary limit because, in such limit, the difference in outcomes across buyers with
different experience i are the same as the change in outcomes for an individual buyer j as its experience
i increases. In an arbitrary period ¢, the differences in outcomes across buyers with different experience @
are qualitatively identical to those in the stationary limit. In an arbitrary period ¢, however, the difference
in outcomes across buyers with different experience ¢ are not the same as the change in outcomes for an
individual buyer j as its experience ¢ grows, since the latter would have to include changes in market-wide
outcomes between ¢ and ¢t + 1.
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the good, the distribution of surplus is similarly given by

—Ai(1—F*(s) Ai

)_6_
1—e N

e
Fiyi(s) =

(2.44)

Using the same results as in the proof of Proposition 3, it is easy to show that ;11 > \;
implies F;;1(s) < F;(s). Therefore, the average surplus for a buyer with experience i is
strictly increasing with respect to the buyer’s experience. It is useful to point out that,
while the buyers’ average surplus increases with experience, the surplus of a specific buyer
may decrease, remain constant, or increase depending on how many contacts the buyer
has, how many contacts the buyer loses, and how many new contacts the buyer adds. For
instance, if some buyer j has n;; contacts, loses the best of its contacts, and does not
acquire any new contacts, its surplus falls. If buyer j has n, ; contacts, does not lose any
of its contacts and does not acquire any new contacts, its surplus remains unchanged.
If buyer j reaches a seller that is better than any of its previous contacts, the buyer’s
surplus increases. Moreover, all of these three events have a strictly positive probability

of occurring.

3 Word of mouth

In this section, we construct a version of the search-theoretic model of Butters (1977),
Varian (1980) and Burdett and Judd (1983) in which buyers learn about sellers not only by
directly searching the market but also by talking to buyers that were previously active in
the market. We construct the model so that, even though sellers are long-lived, the seller’s
problem of choosing what price to post remains static. We establish that the equilibrium
exists and is unique, and we characterize the evolution of equilibrium outcomes over
time. We show that memory and word of mouth generate similar dynamics along some
dimensions (i.e., concentration), but not along other dimensions (i.e., competition and

prices).

3.1 Environment

We consider the market for some consumer good. The market is populated by a continuum
b of infinitely-lived sellers with measure 1. Sellers are heterogeneous with respect to the
quality y of their variety of the good. The distribution of sellers with respect to y is given
by a cumulative distribution function ®(y), with support [y, ys], 0 < y¢ < yn. A seller
produces the good at a constant marginal cost, which we set to 0. In every period ¢, a
seller posts a price p.” If a seller trades ¢ units of the good at the price p, its periodical
profit is ¢p.

"We assume that sellers are not allowed to post price schedules. In particular, a seller is not allowed to
post a price schedule that depends on the calendar time ¢, or on the purchasing history h; of an individual
buyer.
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The market is also populated by a double continuum of short-lived buyers with measure
b per seller.® New buyers enter the market in period ¢. If one of these buyers purchases
a variety of the good of quality y at the price p, its periodical utility is y — p. If one of
these buyers does not purchase the good, its periodical utility is 0. Whether it purchases
the good or not, the buyer exits the market at the end of period .

The product market is frictional, in the sense that a buyer cannot purchase the good
from any seller in the market, but only from those sellers with which it is in contact. In
every period t, a buyer comes into contact with sellers through two channels: search and
word-of-mouth. Through search, a buyer comes into contact with m; sellers, where m,
is a random variable distributed as a Poisson with coefficient p > 0. Through word-of
mouth, a buyer comes into contact with r, sellers, where r; is a random variable distributed
as a Poisson with coefficient p > 0. Each contact obtained through search is randomly
selected from the seller’s distribution ®(y). Each contact obtained through word-of-mouth
is randomly selected from the distribution ®,(y), where ®,(y) denotes the distribution of
the highest quality seller contacted by each buyer in the previous period. Since the market
opens in period 1, the word-of-mouth channel is initially inactive.

The environment described above is quite natural. A buyer that is new to the market
can find out about sellers by searching the market directly. The outcome of this direct
search process is a number m of meetings with randomly-selected seller. This is the same
search process as in Butters (1977), Varian (1980) or Burdett and Judd (1983). A buyer
that is new to the market, however, can also find out about sellers indirectly by looking
for buyers that were in the market in the previous period. The outcome of this indirect
search process is a number r of meetings with previous buyers. In the meeting, the new
buyer learns about the highest quality seller with which the old buyer had been in contact
in the previous period.’

We assume that an old buyer refers a new buyer to the one seller that, among its
contacts, carries the variety of the good with the highest quality, rather than to the
seller that, among its contacts, offered the highest surplus in the previous period. The
assumption simplifies the analysis. In fact, if old buyers refer new buyers to the highest-
quality seller of which they know, the seller’s price in the current period does not affect the
measure and type of buyers that reach the seller in the future. Therefore, if old buyers
refer new buyers to the highest-quality seller of which they know, the seller’s pricing
problem is static. The assumption is also easy to rationalize as an equilibrium. If sellers
do not expect the current price to affect their future demand, higher quality sellers always
choose to offer more surplus to their buyers. In turn, if higher quality sellers are expected

to offer more surplus to their buyers, new buyers ask old buyers about the highest-quality

8We assume that there is a continuum of buyers per seller. The assumption guarantees that an
individual seller cannot learn anything about the demand that it faces from the quantity of the good that
it has sold in the past, since such quantity is a deterministic function of the seller’s quality and price.

91t seems quite natural that a new buyer would only ask an old buyer about the best seller of which
it knows. Information about additional sellers does not improve the new buyer’s payoffs.
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seller of which they know, since that seller is the one expected to offer the highest surplus

to the new buyer.

3.2 Equilibrium

Consider some arbitrary period ¢ = 1,2,.... The distribution of sellers across qualities
is given by the twice differentiable distribution function ®(y). This is the distribution
from which buyers sample when they contact a seller through the search channel. The
distribution of the highest quality seller contacted by buyers in period ¢ — 1 is given by
&, (1), which we conjecture (and later verify) is twice differentiable. This is the distribution
from which buyers sample when they contact a seller through word of mouth. In period
1, buyers do not contact any sellers through word of mouth. We denote as F;(s) the
distribution of surplus offered by sellers. For the same reasons as in Section 2, Fy(s) does
not have any mass points. We denote as Ft(s) the distribution of surplus offered by sellers
reached through word of mouth, which also cannot have any mass points.

Consider a seller of quality y that offers the surplus s > 0 in some period t = 2,3. . ..
The seller is reached by buyers through both search and word of mouth. Let us first
consider the buyers that reach the seller through search. There is a measure by ; of buyers
that reach the seller through search and that contacted & additional sellers through search,

where by, is given by
e*,uluk%l
bt =blk+1)——. 1

Let us explain the expression in (3.1). Per seller, there is a measure bexp(—p)u* 1/ (k+1)!
of buyers that have k+1 contacts through search. Therefore, per seller, there is a measure
b(k + 1) exp(—p) 1 /(k + 1)! of search contacts that are generated by buyers that have
met k + 1 sellers through search. Since every seller has the same probability of being
contacted through search, the measure of buyers that reach a particular seller through
search and that have met k additional sellers through the search channel is given by the
expression in (3.1).

It is easy to compute the probability that one of the by ; buyers purchases the good from
the seller. A fraction exp(—p) of the by buyers did not contact any sellers through word
of mouth. These buyers purchase the good from the seller with probability F}(s)*, where
F,(s) denotes the distribution of surplus offered by sellers. A fraction exp(—p)p of the by ;
buyers did contact one seller through word of mouth. These buyers purchase the good from
the seller with probability F}(s)*F}(s), where F}(s) is the distribution of surplus offered by
sellers contacted through word of mouth. More generally, a fraction exp(—p)p’/j! of the
by buyers did contact j sellers through word of mouth, with j = 2,3,.... These buyers
purchase the good from the seller with probability Fy(s)*F}(s)?. Overall, the probability
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that one of the b buyers purchases the good from the seller is given by

o e P j ~ .
mls) =3 j!’ﬂ Fi(s) Ey(s). (3.2)

Next, consider the buyers that reach the seller through word of mouth. There is a
measure Ek,t buyers that reach the seller through word of mouth and that reached k other
sellers through word of mouth, where I;k,t is given by

bre = b(k + 1)ke(y) fkpf :)! (3.3)
and k(y) is given by A
) = g (3.4)

Let us explain the expression in (3.3). Per seller, there is a measure bexp(—p)p**!/(k+1)!
of buyers that have k + 1 contacts through word of mouth. Therefore, per seller, there is
a measure b(k + 1) exp(—p)p**1/(k + 1)! of word-of-mouth contacts that are generated by
buyers that are in contact with k41 sellers through word of mouth. If every seller has the
same probability of being contacted through word of mouth, the measure of buyers that
reach a particular seller through word of mouth and that have contacted an additional
k sellers through the word-of-mouth channel would be b(k + 1)exp(—p)p**t/(k + 1)L
But some sellers are more likely than others to be contacted through word of mouth.
In particular, the fraction of word-of-mouth contacts that reaches sellers with quality
g€y y+eis ®(y+e) — d(y), while the measure of sellers with quality § € [y, y + €] is
®(y+e)—P(y). Therefore, the measure of buyers that reach a seller of quality y € [y, y+¢]
through word of mouth and that contacted an additional & sellers through word of mouth
is b(k+ 1) exp(—p)pF*t /(k +1)! multiplied by [®(y +€) — ®(y)]/[®(y + €) — ®(y)]. Taking
the limit for e — 0 yields (3.3).

It is easy to compute the probability that one of the [;k,t buyers purchases the good
from the seller. A fraction exp(—pu) of the I;k,t buyers did not contact any sellers through
search. These buyers purchase the good from the seller with probability Ft(s)k. A frac-
tion exp(—p)p of the IA)k,t buyers did contact one seller through search. These buyers
purchase the good from the seller with probability F}(s)*F,(s). More generally, a fraction
exp(—p)p’ /5! of the IA)M buyers did contact j sellers through search. These buyers pur-
chase the good from the seller with probability F(s)*F,(s)7. Overall, the probability that
one of the [;k’t buyers purchases the good from the seller is given by

nals) = ) SRV () (3.5

j=0 !

We can now write the profit V;(y, s) for a seller with quality y offering the surplus
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s > 0 is given by

Vi) = [ D0 beamnals)| (=) + [ barals)| (4 =)

K
— {ZZOO b(k + 1)?:5’“1; (Zjoo e_;!Pj Ft(s)kﬂ(s)j)] (y —5) (36)
+ [ZZOO b(k + 1>/{t(y)§];prkl+)1! (Z:OO e_;!ﬂj Ft(S)th(S)kﬂ (y— 5).

Collecting terms, we can rewrite (3.6) as

) kR (g)* . 0 efpﬁt(s) F s)J
Vily,s) = Zk:g bpe 0 1;( e 10) (Z P () )] (y—s)

=0 j!

0o kR (s)F 0o e ) i By (s)d
+ D07 bpraly)e o ;;( L o=ty (Z W) )] (y =)

=0 j!

(3.7)
where the second equality makes use of the fact that the summations over j in lines 1 and
3 are both equal to 1.

Collecting terms once more, we can rewrite (3.7) as

. 00 kF (8)k
— bye—H(1=Fu(s)) ,—p(1—Fi(s)) —uFy(s) NS
Vi(y,s) = bue #i-Fels)e=pll=fy [E o € e ol } (y—s)
; e P Es) 3.8
(- Fi(s)) e p(1- Fi(s)) pii(s) P L N (3.8)
+bpr(y)e e > ¢ 1 ](y 5)

— b (N —|— pﬁ:t<y)) e_#(l_Fi(s))e_p(l_ﬁi(s)) (y — 3).

where the second equality makes use of the fact that the summations over & in the second
and third lines are both equal to 1.

Using the same arguments as in Lemma 4, it is straightforward to show that the
support of the surplus distribution Fj(s) is some interval [sg, sp¢], with s, = 0. In turn,
using the same arguments as in Lemma 5, it is easy to show that the surplus offered by
a seller is a strictly increasing function s,(y) of the quality of the seller’s variety y. From
the strict monotonicity of s;(y), it follows that the fraction of sellers offering a surplus
smaller than s;(y) is equal to the fraction of sellers with quality smaller than y, i.e.

Fi(s:(y)) = @(y). (3.9)

Similarly, in the distribution of sellers reached through word of mouth, the fraction offering
a surplus smaller than s,(y) is equal to the fraction of sellers with quality smaller than v,
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ie.
Fi(s:(y)) = ®i(y) (3.10)
Differentiating both (3.9) and (3.10) with respect to y yields

F(s:(y)) = , F(sily) = (3.11)
The necessary condition for the optimality of the surplus s,(y) offered by a seller with

quality y is

[uFt’ (se(y)) + /)Ft’(st(y))] b (1 + pry(y)) e HI-Fep1=FO) (y — 5,(y))

A (3.12)
— b (o pra(y)) e POF) gmp(1-F(s))

The left-hand side of (3.12) is the benefit to the seller from offering an extra unit of
surplus to the buyers, which is given by the increase in the seller’s volume multiplied by
the seller’s profit per trade. The right-hand side of (3.12) is the cost to the seller from
offering an extra unit of surplus, which is given by the seller’s volume. Using (3.9), (3.10)
and (3.11), we can rewrite (?77?) as

si(y) = @' (y) [+ pre(y)] (y = se(y))- (3.13)

We can now compute the distribution of transactions in period ¢. Since buyers purchase
from the contacted seller that offers the highest surplus and sellers with higher quality
offer higher surplus, a buyer purchases the good from the contacted seller that carries the
variety of the good with highest quality. The fraction of buyers that purchase the good
from a seller with quality non-greater than y is

”‘P] o, y)j}/ (b1 — et} )
T DN e o e A e

]l

Let us explain (3.14). The first term at the numerator is the measure of buyers that
do not reach any seller through search and reach j sellers through word of mouth, with
j = 1,2,3.... Each one of these buyers purchases the good from a seller with quality
non-greater than y with probability @t(y)j. The second term at the numerator is the
measure of buyers that reach k sellers through search, with £ = 1,2,...., and reach j
sellers through word of mouth, with j =0, 1,2, ... Each one of these buyers purchases the
good from a seller with quality non-greater than y with probability @(y)kfi)t(y)j . Overall,
the numerator is the measure of buyers that purchase the good from a seller with quality
non-greater than y. The denominator is the measure of buyers who purchase the good,
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which is equal to the measure of buyers multiplied by the probability that a buyer contacts
at least one seller either through search or word of mouth.

We can rewrite the first term at the numerator of (3.14) as

be S i b, (y)

j=1 gl

. o P2 i
— beH [ef’(l@(y))z M@t(y)j — ef’] (3.15)

7=0 !
— be_.u' [e_p(l_(i)t(y)) J— e_p:| .

The first equality in (3.15) is obtained by collecting terms. The second equality in (3.15)
is obtained by recognizing that the summation over j is equal to 1.

We can rewrite the second term at the numerator of (3.14) as

LS —pyk o e Py A )
PO [ijoe p]q)(y)k@t(y)]}

J!

_ Zoo beiﬂ'uk(b(y>ke—p(1—<i>t(y)) [Zoo eipcbt(y)pji)xy)j

k=1 k! j=0 !

(3.16)

k=0 k!

— per(1=%:(y) [e (=2 — emn].

2 00 —u®(y) , k k
= beP1-Pw) [e—uu—@@nz e C) _e—u]

The first equality in (3.16) is obtained by collecting terms. The second equality in (3.16)
is obtained by recognizing that the summation over j is equal to 1. The last equality in
(3.16) is obtained by recognizing that the summation over k is equal to 1.

Replacing the expressions in (3.15) and (3.16) with the first and the seocnd term at
the numerator of (3.14) yields the following expression for the transaction distribution

e~ H(1=2(1)) o—p(1=2:(y)) _ o—(n+p)

Hyly) = — . (3.17)

The analysis above leaves us with a unique candidate equilibrium in any period ¢ > 2.
In the candidate equilibrium, the surplus function s;(y) is given by the solution to the
differential equation

si(y) = [+ pre()] @' (y)(y — 5:(y)), (3.18)

together with the boundary condition s;(y,) = 0. In the candidate equilibrium, the
transaction distribution Hy(y) is given by

e r(1=2(y) o—p(1=4(y)) _ o—(u+p)

H,(y) = — . (3.19)
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Since the transaction distribution is equal to the distribution of the highest quality seller
contacted by a buyer, the sampling distribution <i>t+1(y) for buyers that reach a seller
through word of mouth in period ¢t +1 is H;(y). As we did in Section 2, it is easy to verify
that the unique candidate equilibrium is, indeed, an equilibrium since (3.18) is not only

necessary but also sufficient for profit maximization.

The unique candidate equilibrium in period 1 is similar, except that the word-of-
mouth channel is not active. In the candidate equilibrium, the surplus function s;(y) is

the solution to the differential equation

s1(y) = n®'(y)(y — s1(y)), (3.20)

together with the boundary condition s;(y,) = 0. In the candidate equilibrium, the
transaction distribution H;(y) is

e—n(1-2)) _ o~

1—en

Hi(y) = (3.21)

Since the transaction distribution is equal to the distribution of the highest quality seller
contacted by a buyer, the sampling distribution (i)g(y) for buyers that reach a seller
through word of mouth in period 2 is Hi(y). Again, it is easy to verify that (3.20) is
not only necessary for profit maximization but also sufficient and, hence, the candidate
equilibrium is an equilibrium.

Theorem 2: (Existence and uniqueness of equilibrium with word of mouth) An equilib-
rium exists and is unique. The equilibrium is such that:

(i) In period 1, the surplus function sy(y) is the solution to the differential equation
(3.20) that satisfies the boundary condition s1(y;) = 0, and the transaction distrib-
ution Hi(y) is given by (3.21).

(il) In period t > 2, the sampling distribution Ci%(y) for buyers that reach a seller through
word of mouth is given by Hy_1(y). The surplus function s;(y) is the solution to the
differential equation (3.18) that satisfies the boundary condition s;(y;) =0, and the
transaction distribution Hy(y) is given by (3.19).

3.3 Concentration and competition dynamics

The dynamics of the market are determined by the dynamics of the transaction distrib-
ution H,(y), which affects the distribution from which buyers sample when they contact
a seller through word of mouth. Let z(y) denote the fraction ®(y) of sellers with quality
smaller than y, and let y(x) denote the inverse of z(y). Let z;(y) denote the fraction H;(y)
of transactions made by sellers with quality smaller than y in period ¢. From (3.21), it
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follows that z;(y) is given by

e—n(1=2(®)) _ o—n
aly) = —F—= (3.22)
For t = 1,2, ..., it follows from (3.19) that z:;1(y) is given by
e—H(1—z(y) c—p(1—2:(y)) _ o—(u+p)
Zt+1 (y) = 1 — e—(utp) . (323)

The fraction z;(z) of transactions made by sellers with quality non-greater than y(x)
is the solution with respect to z to the equation

flzya)=2(1—e ) —e 70 — et = . (3.24)

Consider any x € (0,1). The function f(z,x) is strictly increasing in z, and such that
f(0,2) < 0 and f(1,x) > 0. Therefore, there exists one and only one z;(z) that solves
the equation f(z1(z),z) = 0 and z(z) € (0,1). The function g(z) = f(z,z) is strictly
concave and such that g(0) = 0 and g(1) = 0. Therefore, g(z) = f(z,z) > 0 for all

€ (0,1). Since f(x,xz) > 0, f(z1(z),z) = 0, and f(z,x) is strictly increasing in z, it
follows that z;(z) < z. For 2 = 0, the unique solution to f(z,0) = 0 is 2;(0) = 0. For
x = 1, the unique solution to f(z,1) =01is z;(1) = 1.

The fraction z;41(z) of transactions made by sellers with quality non-greater than y(x)

is given by
e~ #(1—2) p=p(1=2) _ o=(u+p)
f+(27l'> = 1 — e—(u+p) ) (325)

where z denotes the fraction of transactions made by sellers with quality non-greater than

y(x) in period ¢. Consider any = € (0,1). The function f(z,z) is strictly increasing and
strictly convex in z. The function f,(z,z) is such that f,(0,z) > 0 and f,(1,2) < 1.
Therefore, there exists one and only one z*(x) that solves the equation f,(z,z) = z with
respect to z. Moreover, fi(z,x) € (z,2*(x)) for every z € [0,z*(z)), and fi(z,z) €
(z*(x), z) for every z € (z*(z),1]. For x = 0, the unique solution to f,(z,z) = z is
2*(0) = 0. For & = 1, the relevant solution to f,(z,x) = zis 2*(1) =1

It is easy to see that f,(z,x) < x for any x € (0,1). Since f,(z,x) > z for every
z € 10,2%(z)), and fi(z,2) < z for every z € (2*(x),1], fi(z,x) < x implies 2*(z) < =.
In turn, z*(z) < x implies

e—u(l—ﬂﬁ)e—l’(l—z*(ﬂﬁ)) — e_(ﬂ+p)
Z(x) =

1 — e~ (utp)

e—(1=z) p—p(1—2) _ o—(u+p)
< 1 — e—(utp) (3.26)

e—m(1—z) _ o—p
R p— 21(z).
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We are now in the position to describe the dynamics of the transaction distribution
Hi(y). Consider any y € (ys,yn). The fraction of sellers with quality lower than y is
z(y) € (0,1). In period 1, the fraction of transactions z;(z(y)) at sellers with quality
lower than y is given by f(z1(z(y)),z(y)) = 0. From the analysis of f(z,x), it follows
that z;(z(y)) is strictly smaller than z(y). From (3.26), it follows that z;(z(y)) is strictly
greater than z*(z(y)). In period 2, the fraction of transactions z2(z(y)) at sellers with
quality lower than y is given by fi(z1(z(y)), z(y)) where z1(z(y)) > 2*(x(y)). From the
analysis of f,(z,z), it follows that zo(z(y)) is strictly smaller than z;(z(y)) and strictly
greater than z*(z(y)), since z1(z(y)) € (2*(z(y)), 1]. Iterating the argument, we obtain
that, in any period ¢, the fraction of transactions z;(x(y)) is strictly smaller than z,_1(x(y))
and strictly greater than 2*(x(y)). In every period t = 1,2, ..., the fraction of transactions
zi(z(ye)) at sellers with quality less than y, is equal to 0. In every period t = 1,2, ..., the
fraction of transactions z;(z(y,)) at sellers with quality less than yj, is equal to 1. Overall,
the fraction of transactions taking place at sellers with quality less than y € (v, yn)
is strictly decreasing over time, which means that the transaction distribution H,(y) is

strictly decreasing in ¢.
We have established the following proposition.

Proposition 7: (Transaction dynamics) For any p > 0, the distribution of transactions

across sellers of different quality, H,(y), decreases over time.

Notice that the transaction distribution improves over time in the model with word
of mouth just as it does in the model with memory. The reason why the transaction
distribution improves over time is, however, different in the model with word of mouth
and in the model with memory. In the model with memory, the transaction distribution
improves over time because the buyers’ choice sets become larger and larger and, for this
reason, buyers can purchase the good from better and better sellers. In the model with
word of mouth search, the transaction distribution improves over time not because the
buyers’ choice sets become larger and larger, but because the buyers’ choice sets include
better and better sellers. In period ¢, buyers sample, through word of mouth, the highest-
quality sellers sampled by buyers in period ¢ — 1 and they sample, through direct search,
some additional sellers. For this reason, the highest-quality sellers sampled by buyers in
period t are better than the highest-quality sellers sampled by buyers in period t — 1.

Next, we examine the dynamics of trade concentration. In period 1, the quantity of
the good traded by a seller with a variety of quality y is given by

q1(y) = bue *1=2W), (3.27)
In period t > 2, the quantity of the good traded by a seller with a variety of quality vy is
q(y) = b(p+ pri(y)) o h(1=2(1)) ,—p(1=4(y)) (3.28)

Clearly, the quantity ¢;(y) is strictly increasing in y. The quantity ¢;(y) is also strictly
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increasing in y because the term r;(y) is strictly increasing in y. To see why this is the

case, notice that (3.21) implies

(3.29)

For t > 2, (3.19) implies

Ci)t+1(y) _ Htl(y) _ (ﬂ + p/{t(y))@*“(lfcb(y))efp(lth(y))
D(y) ®(y) 1 — e~ (utp) :

ke (y) = (3.30)
It is evident from (3.29) that ro(y) is strictly increasing in y. Since kq(y) is strictly
increasing in y, it is clear from (3.30) that x3(y) is strictly increasing in y. Repeating the
argument establishes that ;. 1(y) is strictly increasing in y for any t.

Since the quantity of the good traded by a seller is a strictly increasing function ¢;(y)
of the seller’s quality y, it follows that the largest sellers are the sellers with the highest
quality. Hence, the fraction of Q;(z) of transactions made by the z fraction of largest

sellers is given by
Qu(x) =1 - Hi(y(1 — ). (3.31)
Since Hy(y) is strictly deceasing in ¢, (3.31) implies that @Q;(x) is strictly increasing in ¢.

Proposition 8: (Concentration dynamics) For any p > 0, the fraction Q(z) of sales
made by the x fraction of largest sellers is strictly increasing over time.

As in the model with memory, trade becomes more and more concentrated over time.
In the model with memory, trade becomes more concentrated over time because the choice
sets of buyers become larger and, hence, buyers can purchase the good from higher quality
sellers, which are the sellers that offer more surplus and that are larger. In the model
with word of mouth, trade becomes more concentrated over time because the sellers in
the choice sets of buyers have higher quality, and higher quality sellers are those that offer
more surplus and that are larger.

We now examine the dynamics of the surplus offered by sellers. In period 1, the surplus
function s (y) is the solution to the differential equation

s1(y) = ' (W) (y — s1(y)) (3.32)

that satisfies the boundary condition s1(y,) = 0. In period ¢t > 2, the surplus function
s¢(y) is the solution to the differential equation

si(y) = @' (y) (u+ pre(y)) (y — s:(y)) (3.33)

that satisfies the boundary conditions s;(y,) = 0. Since x;(y) is strictly positive, the sur-
plus function s;(y) is strictly greater than the surplus function s;(y) for every y € (ye, yn]-
Since the integral of k,(y) = H. (y)/®'(y) with respect to the seller’s distribution ®(y)
is equal to 1 for all 7 = 1,2, ..., k441(y) cannot be greater than r;(y) for all y. For this
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reason, the surplus function s;,1(y) need not be strictly greater than the surplus func-
tion s;(y). Indeed, it is easy to find examples in which the surplus function evolves in a

non-monotonic fashion.
Proposition 9 (Surplus and price dynamics). For any p > 0:

(i) The surplus offered by sellers is strictly higher in any period t > 2 than in period
1, in the sense that Fy(s) < Fi(s). The prices posted by sellers are strictly lower in
any period t > 2 than in period 1, in the sense that Gi(p) > G1(p).

(ii) The surplus offered by sellers need not be increasing over time, in the sense that
F,(s) need not be strictly decreasing in t. The prices posted by sellers need not be
decreasing over time, in the sense that Gy(p) need not be strictly increasing in t.

The above proposition highlights a critical difference between the model with memory
and the model with word of mouth. In the model with memory, the choice set of buyers
expands over time. The expansion of the buyers’ choice sets increases the extent of
competition and, in turn, leads to a decline in prices. Moreover, the expansion of the
buyers’ choice sets allows buyers to purchase from higher quality sellers and, in turn,
leads to higher concentration. In the model with word of mouth, the choice set of buyers
does not expand but it does improve, in the sense that it replaces lower-quality sellers
with higher-quality sellers. The improvement in the buyers’ choice sets directly leads to an
increase in concentration. The improvement in the buyers’ choice set, however, does not
directly increase competition between sellers and, for this reason, it does not necessarily
lead to a decline in prices.

It is useful to dive deeper in the comparison between the effect of memory and the
effect of word of mouth on concentration and competition. Consider the model with
memory. In equilibrium, the fraction x of the largest sellers trades a fraction @Q;(x) of the
good, where Q;(z) given by

67)\,5:1: _ 67)“
For x small and \; large, Q;(z) is approximately equal to
Qi(r) =~ Q:(0) — Q(0)(0 — )
= (Mz) /(1 —e™™) (3.35)

~ )\tl',

The first line in (3.35) is a first-order approximation of @;(x) around 0. The second line
in (3.35) is obtained by noting that );(0) = 0 and by computing the derivative of Q:(z)
with respect to x and evaluating it at x = 0. The last line in (3.35) makes use of the fact
that exp(—\;) is approximately equal to 0 for \; large.

Now, consider the model with word of mouth. In equilibrium, the fraction = of the

33



largest sellers trades a fraction Q;(x) of the good, where Q,(z) is given by

etz o—p(1—Hi1(y(1-2))) _ o—(utp)

Qule) =1~ (3.36)

1— e*(#+ﬂ)

For x small and p + p large, Q;(z) is approximately equal to

Qi(r) =~ Q(0) —Q10)(0 — )
= (n+ preyn)) &/ (1 — e~ t0)) (3.37)
~ (p+ pre(yn)),

The first line in (3.37) is a first-order approximation of @Q;(x) around 0. The second line
in (3.37) is obtained by noticing that Q;(0) = 0 and by computing the derivative of Q:(z)
and evaluating it at x = 0. The last line in (3.37) makes use of the fact that exp(—(u+p))
is approximately equal to 0 for u + p large.

Imagine a situation in which the concentration of trade at the x largest sellers is the
same in the equilibrium of the model with memory as in the equilibrium of the model
with word of mouth, for z ~ 0 and A; and p + p large. From (3.35) and (3.37), it follows
that the concentration of sales at the largest sellers is the same in the two models if and
only if

At = 1+ pre(yn)- (3.38)

Even though the concentration of sales is identical in the equilibrium of the two models,
the equilibrium distribution of surplus and prices is not. Indeed, in the equilibrium of
the model with memory, the surplus function is given by the solution to the differential
equation

siy) ='Wy — se(y))
= ®'(y) (1 + pre(yn)) (v — s:(y))

with the boundary condition s;(y,) = 0. In the equilibrium of the model with word of

(3.39)

mouth, the surplus function is given by the solution to the differential equation

si(y) = @' (y) (1 + pre(y)) (y — s:(y)) (3.40)

with the boundary condition s;(y,) = 0. Since r;(y) is strictly increasing in y, it follows
from (3.39) and (3.40) that the surplus function s;(y) is strictly greater in the model with
memory than in the model with word of mouth. In turn, this implies that the surplus
offered by sellers is strictly greater in the model with memory than in the model with
word of mouth. That is, Fi(s) is strictly smaller in the model with memory than in the
model with word of mouth. Similarly, the prices posted by sellers are strictly lower in
the model with memory than in the model with word of mouth. That is, G;(p) is strictly
greater in the model with memory than in the model with word of mouth.

The findings above reveal that, when word of mouth and memory generate the same
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degree of market concentration, word of mouth generates less competition than memory.
The findings are intuitive. Concentration depends on the distribution of the best seller
in the buyers’ choice set. Competition depends not only on the best seller in the buyers’
choice set, but also on the second-best seller. Memory expands choice sets and, in doing
so, it improves the best and the second-best seller in the buyers’ choice sets. Word of
mouth does not expand the buyers’ choice sets. Memory tilts the content of part of the
buyers’ choice sets towards better sellers. For this reason, word of mouth improves the
best seller in the buyers’ choice sets relatively more than the second-best seller.

Lastly, we want to compare the equilibrium of the model with word of mouth (p > 0)
with the equilibrium of a model without word of mouth (p = 0). In the model without
word of mouth, buyers always come into contact with m; sellers through search, where m;
is distributed as a Poisson with coefficient x. In the model with word of mouth, buyers
in period 1 come into contact with m; sellers through search, where m; is distributed as
a Poisson with coefficient p. In period t > 2, buyers come into contact with m; sellers
though search, where m; is distributed as a Poisson with coefficient p, and with r; sellers
through word of mouth, where r; is distributed as a Poisson with coefficient p. Therefore,
the equilibrium of the model without word of mouth in every period ¢ is equal to the
equilibrium of the model with word of mouth in period 1. In turn, this implies that the
comparison between the equilibrium of the model with and without word of mouth follows
directly from the analysis of the dynamics of the equilibrium of the model with word of

mouth.
Proposition 10: (Word of mouth). Let p; =0 and py > 0.

(i) In period 1, equilibrium surplus, prices and transactions are the same for p; and

pa, in the sense that Fi(s|p;) = Fi(s|ps), Gi(plpr) = Gi(plps)s and Hi(ylp,) =
Hi(ylpy). In period t > 2, equilibrium surplus is lower, prices are higher, and

transactions are worse for p, than for p,, in the sense that Fy(s|p;) > Fi(s|py),
Gi(plpy) < Gilplps) and Hi(ylp,) > Hilylps)-

1) Ffor py, equilibrium surplus, prices and transactions are constant over time, in the
i) For p, Tibri I . d ‘ . _—
sense that Fi(s|py) = Fi(slp), Gi(plpr) = Gi(plpy) and Hi(ylp,) = Hi(ylps)-
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